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Chapter 1: Introduction 2

1.1 Historical Development and Literature

Review

The beginning of the fractional calculus is considered to be the

Leibniz’s letter to L’Hospital in 1695, where they discussed for differ-

entiation of non-integer order. Leibniz wrote to L’Hospital:
′′
... This

is an apparent paradox from which, one day, useful consequences will

be drawn
′′
. Up to the middle of 20th century, a remarkable contri-

butions to the theory of fractional calculus by famous mathemati-

cian are known : Euler (1730), Lagrange (1772), Laplace (1812),

J.B.J. Fourier (1822), N. Abel (1823-1826), J. Liouville (1832-1837),

B. Riemann (1847), K. Grunwald (1867-1872), A. Letnikov (1868-

1872), Heaviside (1892-1912), A. Marchaud (1973-1999), A. Erdelyi

(1930-1977), H. Weyl (1917) etc.

The first work, devoted to fractional calculus, is the book by

Oldham and Spanier published in 1974. By the second half of the

twentieth century the first specialized conference concerned solely

with the theory and applications on fractional calculus in 1974 was

held at the University of New Haven USA and more than 2000 papers

have been published. Letnikov (1868), S. G. Samko (1993), Podlubny

(1999), A. A. Kilbas (2006), O. I. Marichev, V. S. Kiryakova, K. S.

Miller and B. Ross and more recently Lakshmikantham, S. Abbas,

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 1: Introduction 3

M. Benchohra, J.R.Greuf, Zhou, Das, Ray, Herrmann and more are

devoted to the classical period of the development of fractional calcu-

lus. The first issue of the mathematical journal ’Fractional Calculus

and Applied Analysis’ was printed in 1998. This journal is solely

concerned with topics on the theory of fractional calculus and its ap-

plications. Finally, the large conference concerned solely with ’Frac-

tional Differentiation and its Applications’ was held in Bordeaux in

2004, where no less than 104 talks were given in the field of fractional

calculus.

Now a days, fractional calculus has attracted much more at-

tention as it plays an important role in the field of science and en-

gineering in which the study on stability of fractional differential

equations is important. Fractional differential equation is a gener-

alization of ordinary differential equation of fractional order. Many

mathematical models of real problems arising in various fields of

science and engineering are either linear or nonlinear systems. Re-

cently, stability of fractional differential equations and the analytical

methods of solutions of linear fractional differential equations, non-

linear fractional differential equations. Fractional differential equa-

tions represent an important tool in science, engineering, technology

and economics and applications included population models, con-

trol engineering, electrical network analysis, gravity and medicine

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 1: Introduction 4

etc.[27]. Most of the researchers are attracted towards fractional

differential equations as many phenomena in various branches of sci-

ence and engineering are modeled. Many applications are found in

control systems, visco-elasticity, electrochemistry, pharmacokinetics,

food science etc.[55]. Significant contributions by researchers have

been recorded in the monograph of Kilbas et al.[30]. Some results

on the theory of fractional differential equations due to Lakshmikan-

tham et al. can be seen in [32, 35, 37, 49, 62, 64, 77]. The study

of theory of fractional differential equations [31, 32, 35] parallel to

the well-known theory of ordinary differential equations [31, 33] has

been growing independently. The existence of solutions of Riemann-

Liouville fractional differential equations and uniqueness of solutions

was proved by Lakshmikantham and Vatsala [31, 32].

The earliest study on stability of fractional differential equa-

tions started by D. Matignon [39]. The recent study of linear frac-

tional differential equations with Riemann-Liouville derivative and

the same fractional order α, where 0 < α < 1 is studied by Qian et

al.[56]. In recent years, many effective methods for obtaining approx-

imations or numerical solutions of fractional differential equations

have been presented. These methods includes fixed point technique

[3, 26, 38], Monotone iterative technique [31, 35, 55], Generalized

monotone iterative method [22], Adomian Decomposition Method ,

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 1: Introduction 5

Power Series Method [55], the reproducing Kernel method [69] and

the Wavelet method . Except these methods, there are some clas-

sical solution techniques too, e.g. Laplace and Fourier transform

method [19], Green’s function method, Maximum principle [24, 61]

Mellin transform method and Method of orthogonal polynomials

[29, 41, 55].

The monotone iterative technique [14] is very useful for the in-

vestigation of theoretical as well as constructive results in the sector.

McRae [40] developed monotone method for Riemann-Liouville frac-

tional differential equations with initial conditions and studied the

qualitative properties of solutions of initial value problem. Existence

and uniqueness of solution of Riemann-Liouville fractional differen-

tial equations, Caputo fractional differential equations with various

conditions such as integral boundary conditions [42–44, 46–48, 50],

initial value problems [45, 51, 71], periodic boundary value problems

[22, 23, 25, 70, 72] is obtained by Nanware et al. and others [75]

and developed monotone method. Existence of positive solutions

for nonlinear fractional differential equations with boundary condi-

tion and integral boundary conditions is also obtained by researchers

[52, 54, 63, 68].

In the recent years, the theory of singular boundary value

problems has become an important area of investigation [2, 4, 5, 12,

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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16–18, 67, 74]. They got the existence of solutions by using various

methods such as monotone iterative technique coupled with lower

and upper solution and fixed point theorem. By using monotone

iterative method X. Zhang et al. [76] obtained the existence and

uniqueness of positive solutions for a class of higher conjugate-type

fractional differential equations with one nonlocal term. In recent

paper, S. Song et al.[60] investigated the existence of extremal so-

lutions for Riemann-Liouville fractional differential equations with

integral boundary conditions.

In 2016, Almeida [8] introduced ψ-Caputo fractional differen-

tial operator. For more details see [3, 6, 7, 20], and the references

given therein. Derbazi et al. [20, 21] developed monotone iterative

technique to study the existence and uniqueness of solution for initial

value problem of nonlinear fractional differential equations including

ψ-Caputo derivative.

Wang et al.[66] in 2012 proved existence results for nonlin-

ear system of Riemann-Liouville fractional differential equations and

developed monotone iterative technique. Recently, Nanware et al.

[23, 47, 48, 50] and Dhaigude et al. [23] obtained existence and

uniqueness results of the system of fractional differential equations

with various type of conditions involving Riemann-Liouville frac-

tional derivative and Caputo fractional derivative of order µ;

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 1: Introduction 7

0 < µ < 1 using monotone iterative technique. Wei et al. [71] and

Nanware et al. [45] proved existence results for system of initial value

problems for fractional differential equations involving Riemann-Liouville

sequential fractional derivative via monotone iterative technique.

At the present day, different kinds of fixed point theorems

are widely used to prove the existence and uniqueness of solutions

for various classes of nonlinear fractional differential equations. Re-

cently, Nanware [50] obtained existence results using Banach and

Schaufer’s fixed point theorem and Leray-Schauder type nonlinear

alternative. By using contraction mapping principle, existence and

uniqueness of solutions for system of nonlinear implicit fractional dif-

ferential equations was studied by Nanware [50]. Matar [38] proved

existence of positive solution for initial value problem of nonlinear

fractional differential equations by the method of upper and lower

solutions and using Schauder and Banach fixed point theorems [9].

Many researchers investigated the positive solutions for nonlinear

fractional differential equations by the method of upper and lower

solutions and using Krasnoselskii and Banach fixed point theorems

[1, 10, 13, 54, 63].

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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1.2 Basic Results

In this section we start with Euler’s integrals such as Beta,

Gamma and Mittag-Leffler functions which plays important role in

the development of fractional calculus. First we consider Beta and

Gamma functions.

Definition 1.1. [55] The first Eulerian integral called Beta function

denoted by β(p, q) and defined by means of the integral β(p, q) =∫ 1

0 r
(p−1)(1−r)(q−1)dr for (R(p) > 0), (R(q) > 0), where R(p) is real

part of p.

Definition 1.2. [55] The second Eulerian integral is called Gamma

function denoted by Γ(r) and is defined by means of the integral

Γ(r) =
∫∞

0 e−ssr−1ds, (R(s) > 0) s ∈ C.

The relation between Beta and Gamma functions is given by

β(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
= β(q, p).

Mittag-Leffler function is a generalization of exponential func-

tion. One parameter and two parameter Mittag-Leffler functions are

defined as follows:

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 1: Introduction 9

Definition 1.3. [55] Mittag-Leffler function of one parameter de-

noted by Eµ(r) is defined as

Eµ(r) =
∞∑
j=0

rj

Γ(µj + 1)

1. When µ = 0,

E0(r) =
∞∑
j=0

rj

Γ(1)
= 1 + r + r2 + . . . =

1

1− r
, |r| < 1.

2. For µ = 1 and 2, the one parameter Mittag-Leffler function

gives the function er and cosh r respectively.

Definition 1.4. [55] Mittag-Leffler function of two parameter de-

noted by Eµ,ν(r) is defined as

Eµ,ν(r) =
∞∑
j=0

rj

Γ(µj + ν)
, (µ > 0, ν > 0).

We start with the definitions of Riemann-Liouville fractional

integrals and Riemann-Liouville fractional derivatives. Then we in-

troduce the definitions of Caputo fractional derivatives and ψ−Caputo

fractional derivatives. We also consider basic properties of these frac-

tional integrals and fractional derivatives.

Let µ ∈ R+ and n = [µ], where [.] is the greatest integer function.

Assume that u(r) is continuous on an interval [a, b].

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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Definition 1.5. [55] The Riemann-Liouville fractional integral of a

function u(r) of order µ is denoted by Iµa+u(r) and is defined as

Iµa+u(r) =
1

Γ(µ)

∫ r

a+

(r − τ)µ−1u(τ)dτ.

Now, we discuss useful properties of Riemann-Liouville fractional

integrals.

Property I [55]. Suppose u(r) has the continuous derivatives for

r ≥ 0 then

lim
µ→0

Iµ0 u(r) = u(r).

Property II [55].[Additive index property or Semigroup property]

Iµa+I
ν
a+u(r) = Iµ+ν

a u(r).

We define Riemann-Liouville fractional derivative of order µ and dis-

cuss some useful properties of Riemann-Liouville fractional deriva-

tive.

Definition 1.6. [55] The Riemann-Liouville fractional derivative of

u(r) of order µ is denoted by Dµ
au(r) on a finite interval [a, b], subset

of real axis R is defined as

Dµ
a+u(r) =

1

Γ(k − µ)

dk

drk

∫ r

a

(r − τ)k−µ−1u(τ)dτ, (k − 1 ≤ µ < k).

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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For k = 1, we have

Dµ
a+u(r) =

1

Γ(1− µ)

d

dr

∫ r

a

(r − τ)−µu(τ)dτ, (0 < µ < 1),

where u(r) ∈ C[a, b] and a < r < b.

Now, we consider the properties of Riemann-Liouville frac-

tional derivatives required in further discussion.

Property I [55]. [Linearity] Riemann-Liouville fractional derivative

operator is linear. That is

Dµ
a+ [σ1u1(r) + σ2u2(r)] = σ1D

µ
a+ [u1(r)] + σ2D

µ
a+ [u2(r)] ,

where Dµ
a+ denotes the Riemann-Liouville fractional derivative.

Property II [55]. Riemann-Liouville fractional derivative is the left

inverse to the Riemann-Liouville fractional integral of the same order

µ. That is for µ > 0 and r > a,

Dµ
a+I

µ
a+u(r) = u(r).

Property III [55]. If u(r) is continuous and if µ ≥ ν ≥ 0, then the

derivative Dµ−ν
a+ u(r) exists.

Next, we consider Caputo fractional derivative and introduce some

properties of the Caputo derivative.

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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Definition 1.7. [30] The Caputo fractional derivative of order µ > 0

of a function u : R+ → R is given by

cDµu(r) =
1

Γ(n− µ)

∫ r

0

(r − s)n−µ−1u(n)(s) ds.

where n = [µ] + 1, provided the right side is pointwise defined on

R+.

Remark 1.2.1. 1. In general Riemann-Liouville fractional opera-

tor and Caputo fractional operator do not coincide Dµu(r) 6=

cDµu(r).

2. The Caputo fractional derivative of the constant function is

zero.

3. For the Caputo fractional derivative

cDµ cDmu(r) = cDµ+mu(r)

where (m = 0, 1, 2, . . . (n − 1), n − 1 < µ < n), while for the

Riemann-Liouville fractional derivative DmDµu(r) = Dµ+mu(r)

where (m = 0, 1, 2, . . . (n− 1), n− 1 < µ < n).

We now introduce some important properties of Caputo deriva-

tive required in further discussion.

Property I [30]. [Linearity] Caputo fractional derivative operator

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 1: Introduction 13

is linear. That is

cDµ
a+ [σ1u1(r) + σ2u2(r)] = σ1

cDµ
a+ [u1(r)] + σ2

cDµ
a+ [u2(r)]

where cDµ
a+ denotes the Caputo fractional derivative.

Property II [30]. [Non-commutation] Let n − 1 < µ < n, µ ∈ R

m,n ∈ N and the function u(r) is such that cDµ
0u(r) exists. Then

cDµ
0 D

m
0 u(r) = cDµ+m

0 u(r) 6= Dm cDµ
0u(r)

. In general the two operators, Riemann- Liouville and Caputo

do not coincide, but if function u(r) be such that u(k)(0) = 0, k =

0, 1, 2, . . . , n− 1, then the Riemann-Liouville and Caputo fractional

derivatives coincides cDµ
0u(r) = Dm

0 u(r).

Property III [55]. Let r > 0, n − 1 < µ < n, n ∈ Z+, then the

following relation between Riemann-Liouville and Caputo fractional

derivatives holds

cDµu(r) = Dµu(r)−
n−1∑
j=0

rj

j!
uj(0).

Property IV [30].[ Composition with integer order derivative]

cDµ(cDmu(r)) = cDm(cDµu(r)) = cDµ+mu(r)

where f (k)(0) = 0, k = n, n+ 1, ...,m (m = 0, 1, 2, ...;n− 1 < µ < n).

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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We present and study some properties of a ψ-Caputo fractional

derivative with respect to another function. The idea is to com-

bine the definition of Caputo fractional derivative with the Riemann-

Liouville fractional derivative with respect to another function. Also

we study the main properties of ψ-Caputo operator.

Let J = [a, b], where 0 ≤ a < b <∞, be a finite interval and

ψ : J → R is an increasing differentiable function such that ψ′(r) 6=

0, for all r ∈ J.

Definition 1.8. [8]. The left-sided ψ-Riemann-Liouville fractional

integral of order µ > 0 for an integrable function z : J → R with

respect to function ψ is defined as follows

Iµ,ψa+ z(r) =
1

Γ(µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1z(s) ds,

where ψ′(r) 6= 0 and Γ(.) is the gamma function.

Definition 1.9. [8]. Let n ∈ N and ψ, z ∈ Cn(J,R) be two functions.

The left-sided ψ-Riemann-Liouville fractional derivative of function

z of order n−1 < µ < n with respect to another function ψ is defined

by

Dµ,ψ
a+ z(r) =

(
1

ψ′(r)

d

dr

)n
In−µ,ψa+ z(r)

=
1

Γ(n− µ)

(
1

ψ′(r)

d

dr

)n ∫ r

a

ψ′(s)[ψ(r)− ψ(s)]n−µ−1z(s) ds,
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where n = [µ] + 1 and [µ] denotes the integer part of real number µ.

Remark 1.2.2. Some well known fractional derivatives are the par-

ticular cases of the ψ-Caputo fractional derivative. That is, if we

consider ψ(r) = r, log r and rσ, respectively we obtain the Riemann-

Liouville fractional derivative, the Caputo-Hadamard fractional deriva-

tive and the Caputo-Erdelyi-Kober fractional derivative respectively

[58].

Definition 1.10. [8]. Let n ∈ N and let ψ, z ∈ Cn(J,R) be two

functions. The left-sided ψ-Caputo fractional derivative of z of order

n− 1 < µ < n with respect to another function ψ is defined by

cDµ,ψ
a+ z(r) = In−µ,ψa+

(
1

ψ′(r)

d

dr

)n
z(r),

where ψ′(r) 6= 0 and n = [µ] + 1 for µ 6∈ N, n = µ for µ ∈ N.

Symbolically, we denote

z
[n]
ψ (r) =

(
1

ψ′(r)

d

dr

)n
z(r).

From the definition, it is clear that

cDµ,ψ
a+ z(r) =


1

Γ(n−µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]n−µ−1z
[n]
ψ (s) ds, ifµ 6∈ N

z
[n]
ψ (r), ifµ ∈ N.

(1.2.1)
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In particular, when µ ∈ (0, 1), we have

cDµ,ψ
a+ z(r) =

1

Γ(1− µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]−µz
[n]
ψ (s) ds.

Observe that ψ-Caputo derivative of a constant function is zero.

Remark 1.2.3. If z ∈ Cn(J,R), the ψ-Caputo fractional derivative of

z(r) of order µ is defined in terms of left-sided ψ-Riemann-Liouville

fractional derivative as

cDµ,ψ
a+ z(r) = Dµ,ψ

a+ z(r)−
n−1∑
k=0

z
[k]
ψ (a)

k!
[ψ(r)− ψ(a)]k.

We introduce some important properties of ψ-Caputo fractional deriva-

tives required in further study.

Property I [8]. [Semigroup property] Let µ, ν > 0, z ∈ C(J,R).

Then

Iµ,ψIν,ψz(r) = Iµ+ν,ψz(r), r ∈ J.

Property II [8]. Let z : J → R and µ > 0. The following holds:

1. If z(r) ∈ C(J,R) then

cDµ,ψ
a+ I

µ,ψz(r) = z(r), r ∈ J.
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The ψ-Caputo fractional derivative is an inverse operation for

the Riemann-Liouville fractional integral.

2. If z ∈ Cn−1(J,R), n− 1 < µ < n, then

Iµ,ψa+
cDµ,ψ

a+ z(r) = z(r)−
n−1∑
k=0

z
[k]
ψ (a)

k!
[ψ(r)− ψ(a)]k, r ∈ J.

Property III [8]. For r > a, µ ≥ 0 and ν > 0, we have

(i) Iµ,ψa+ [ψ(r)− ψ(a)]ν−1 = Γ(ν)
Γ(ν+µ) [ψ(r)− ψ(a)]ν+µ−1,

(ii) cDµ,ψ
a+ [ψ(r)− ψ(a)]ν−1 = Γ(ν)

Γ(ν−µ) [ψ(r)− ψ(a)]ν−µ−1,

(iii) cDµ,ψ
a+ [ψ(r)− ψ(a)]k = 0, for all k ∈ {0, 1, . . . , n− 1}, n ∈ N.

Note that through out the thesis we shall denote Riemann-Liouville

fractional integrals and Riemann-Liouville fractional derivatives by

the notations Iµ and Dµ respectively. Also, we denote Caputo frac-

tional derivative by the notation cDµ and ψ-Caputo fractional deriva-

tive by the notation cDµ,ψ.

Finally we consider following basic results for further study.

Theorem 1.11. [15](Ascoli-Arzela Theoerm). If a sequence {un}∞0

in C(X) is bounded and equicontinuous then it has a uniformly con-

vergent subsequence.
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Theorem 1.12. [11] (Lebesgue dominated convergence theorem).

Suppose fn : R → R are (Lebesgue) measurable functions such that

the pointwise limit f(x) = limn→∞ fn(x) exists. Assume there is an

integrable g : R → [0,∞) with |fn(x)| ≤ g(x) for each x ∈ R. Then

f is integrable as is fn for each n, and

lim
n→∞

∫
R
fndµ =

∫
R

lim
n→∞

fndµ =

∫
R
fdµ

Theorem 1.13. [59]. Let E be a nonempty closed convex subset of

a Banach space B and Φ : E → E be a contraction operator. Then

there is a unique w ∈ E with Φw = w.

Theorem 1.14. [59](Krasnoselskii fixed point theorem). Let E be a

nonempty closed convex subset of a Banach space B and let P and Q

two operators defined on E with values in B such that Pu+Qv ∈ E,

for every pair u, v ∈ E, the operator P is completely continuous and

the operator Q is a contraction.Then there exist w ∈ E such that

w = Pw +Qw.

Theorem 1.15. [57] (Dini’s Theorem). Let B be a compact metric

space. Let g : B → R be a continuous function and gk : B → R, n ∈

N be a sequence of continuous functions. If {gk} converge pointwise

to f and if gk(r) ≥ gk+1(r) for all r ∈ B and all k ∈ N then {gk}

converges uniformly to g.
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Theorem 1.16. [27](Weissinger’s fixed point theorem). Assume

(A, ρ) to be a non empty complete metric space and let θi for ev-

ery i ∈ N such that
∞∑
i=0

θi converges. Furthermore, let the mapping

T : A → A satisfy the inequality ρ(T ix, T iy) ≤ θiρ(x, y), for every

i ∈ N and every x, y ∈ A. Then T has a unique fixed point x∗. More-

over, for any x0 ∈ A, the sequence
{
T ix0

}∞
i=1

converges to fixed point

x∗.

Theorem 1.17. [30]. Let µ > 0, n ∈ N and n = [µ]. Moreover, let

k > 0, h∗ > 0 and a0 ∈ R. Define H : [0, h∗] × [a0 − k, a0 + k] and

let the function f : H → R be continuous. Then for some h > 0,the

function v(r) ∈ C(0, h] is a solution to the fractional differential

equation of Riemann-Liouville type

Dµv(r) = f(r, v(r)) v(r0) = v0 (1.2.2)

if and only if it is a solution of the Volterra fractional integral equa-

tion

v(r) = v0 +
1

Γ(µ)

∫ r

0

(r − s)µ−1f(s, v(s)ds). (1.2.3)

Now, consider the following nonlinear differential equation of

order µ > 0

[cDµu](y) = f(y, u(y))
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where cDµu(y) is Caputo fractional derivative. The corresponding

Volterra integral equation is given by

u(y) =
n−1∑
j=0

aj(y − a)j

j!
+

1

Γ(µ)

∫ y

a

f(r, u(r))

(y − r)1−µdr, (0 ≤ y ≤ 1).

Theorem 1.18. [22]. Let m ∈ Cp([r0, T ],R). Suppose that for any

r1 ∈ [r0, T ], we have m(r1) = 0 and m(r) < 0 for r0 ≤ r < r1, then

it follows that Dqm(r1) ≥ 0.

Theorem 1.19. [34]. Let {uε(r)} be a family of continuous func-

tions on [r0, T ], for each ε > 0 where Dµuε(r) = f(r;uε(r)); uε(c) =

uε(r) and |f(r;uε(r))| ≤M for r0 ≤ r ≤ T . Then the family {uε(r)}

is equicontinuous on [r0, T ].

Lemma 1.20. [3] If µ > 0 and z, ψ ∈ C[a, b], then

(a) Iµ,ψa+ (.) is linear and bounded from C[a, b] to C[a, b].

(b) Iµ,ψa+ z(a) = limr→a I
µ,ψ
a+ z(r) = 0.
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1.3 The purpose of Thesis

The purpose of thesis is to study existence and uniqueness

of solutions of fractional differential equations with various condi-

tions by using fixed point theorem and developing monotone iter-

ative method involving Riemann-Liouville, Caputo, ψ-Caputo frac-

tional derivatives. Keeping in the mind and using the beauty of fixed

point theorems like Krasnoselskii’s and Banach fixed point theorem,

existence and uniqueness of solutions will be obtained. Moreover,

attempt has been made to develop the monotone iterative method

for the system of fractional differential equations involving Riemann-

Liouville, ψ-Caputo fractional derivatives. It is extended to higher

order singular nonlinear conjugate type fractional differential equa-

tions. The method of lower and upper solution is developed. As

an application of monotone iterative method it is generalized to ψ-

Caputo fractional derivatives. In all, existence and uniqueness result

of solutions of fractional differential equations and system of frac-

tional differential equations under different conditions will be proved.

1.4 Organization of the Thesis

The organization of the thesis is as follows:
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Chapter 1 is introductory. Special functions, Riemann-

Liouville fractional integral and derivative, Caputo derivative and

ψ-Caputo derivatives are defined. The properties of these deriva-

tives are considered. The basic results are also given.

Chapter 2 deals to investigate the existence of solution of

nonlinear Liouville-Caputo fractional differential equations of order

1 < µ ≤ 2. Existence and uniqueness of a solution are investigated

by applying Krasnoselskii and Banach fixed point theorems and the

method of lower and upper solutions.

Chapter 3 deals with the monotone iterative technique for

higher order singular nonlinear (l − 1, 1) conjugate-type fractional

differential equation with one nonlocal term. By deriving properties

of the Green’s function and using the fixed point theorem, we have

proved existence result. Existence and uniqueness of solutions of the

problem are obtained.

Chapter 4 deals with the monotone iterative technique for

nonlinear boundary value problems involving ψ-Caputo fractional

derivative. Monotone iterative technique combined with coupled

lower-upper solutions is developed for nonlinear problem and qual-

itative properties of solutions such as existence-uniqueness are ob-

tained.
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Chapter 5 deals with nonlinear system of initial value prob-

lems involving Riemann-Liouville fractional derivative when the func-

tions fi, (i = 1, 2) are quasimonotone nondecreasing (nonincreasing).

Monotone iterative technique coupled with lower and upper solutions

is developed and successfully applied to study qualitative properties

of solutions.

Chapter 6 deals with the monotone iterative technique for

coupled system of initial value problem involving ψ-Caputo fractional

derivative. We apply the comparison result and coupled lower-upper

solutions to develop monotone technique for the initial value prob-

lem. Minimal and maximal solutions are obtained by using devel-

oped monotone technique.

Chapter 7 deals with the study qualitative properties such as

existence-uniqueness of solutions for nonlinear boundary value prob-

lems involving ψ-Caputo fractional derivative. Monotone iterative

technique is also developed.

Conclusion of each chapter is given at the end of chapter.

The list of references is added in alphabetical order at the end of the

thesis.
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2.1 Introduction

In recent years, theory of fractional differential equations has

become an important investigation area.( Kilbas et al. [30], I. Pod-

lubny [55], and Samko et al. [58]). The basic theory for initial value

problems for fractional differential equations involving the Riemann-

Liouville and Liouville-Caputo differential operator was discussed

by Diethelm [28]. Many interesting results of the existence of solu-

tions of various classes of fractional differential equations involving

Riemann-Liouville and Caputo type fractional derivatives with the

initial condition, the integral boundary conditions have been studied

extensively by several researchers (see [3, 32–34, 36, 47, 48, 50, 53,

73, 75] and the references therein).

Recently, Matar [38] used the method of upper and lower so-

lutions and Schauder and Banach fixed point theorems to obtain

the existence and uniqueness of positive solution for the nonlinear

fractional differential equations
cDµw(r) = f(r, w(r)), 0 < r ≤ 1,

w(0) = 0, w
′
(0) = ζ > 0,

where cDµ is the standard Caputo fractional derivative of orderµ,

1 < µ ≤ 2 and f : [0, 1]× [0,∞)→ [0,∞) is continuous function.
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By employing the upper and lower solutions and Schauder and

Banach fixed point theorems, Boulares et al. [13] investigated exis-

tence and uniqueness of positive solutions for the nonlinear fractional

differential equations
cDµw(r) = f(r, w(r)) + cDµ−1h(r, w(r)), 0 < r ≤ T,

w(0) = ζ1, w
′
(0) = ζ2 > 0,

where cDµ is the standard Liouville-Caputo’s fractional derivative of

order µ, 1 < µ ≤ 2, h, f : [0, T ] × [0,∞) → [0,∞) are given contin-

uous function, h is nondecreasing in w and ζ2 ≥ h(0, ζ1). Ardjouni

et al. [9] studied the existence and uniqueness of positive solutions

for the first-order nonlinear Caputo-Hadamard fractional differen-

tial equations. Also Ardjouni et al. [10] studied the existence and

uniqueness of positive solutions for the first-order nonlinear Liou-

ville - Caputo fractional differential equations by using the upper

and lower solutions and use Krasnoselskii and Banach fixed point

theorems.

Inspired by the aforementioned works, using the method of

lower and upper solutions and the Krasnoselskii and Banach fixed

point theorems, we study in this chapter, the existence and unique-

ness of solutions of nonlinear fractional differential equation involving
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Liouville - Caputo derivative:
cDµ(w(r)− h(r, w(r))) = f(r, w(r)), 0 < r ≤ T,

w(0) = w0 > h(0, w0) > 0,

(2.1.1)

where 0 < µ ≤ 1 and h, f : [0, T ] × [0,∞) → [0,∞) are continuous

functions.

2.2 Preliminaries

Let B = C([0, T ]), be the Banach space of all real-valued

continuous functions defined on the compact interval [0, T ], endowed

with the norm ‖w‖ = max
0≤r≤T

|w(r)|. Let K be a nonempty closed

subset of B defined as K = {w ∈ B : ‖w‖ ≤ l, l > 0} . Let p, q ∈ R+

with p < q and for any w ∈ [p, q] ⊂ R+, we define the upper and

lower control functions respectively as follows

M(r, w) = sup
p≤η≤w

f(r, η), m(r, w) = inf
w≤η≤q

f(r, η).

It is obvious that m(r, w) and M(r, w) are monotonic non-decreasing

on [p, q] and m(r, w) ≤ f(r, w) ≤M(r, w).

We give some definitions and their properties for our main results.
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Definition 2.1. [30] The fractional integral of order µ > 0 of a function

w : R+ → R is given by

Iµw(r) =
1

Γ(µ)

∫ r

0

(r − s)µ−1w(s) ds,

provided the right side is pointwise defined on R+.

Definition 2.2. [28, 53] The Liouville-Caputo fractional derivative

of order µ > 0 of a function w : R+ → R is given by

cDµw(r) = In−µwn(r) =
1

Γ(n− µ)

∫ r

0

(r − s)n−µ−1w(n)(s) ds,

where n = [µ] + 1, provided right side is pointwise defined on R+.

Lemma 2.3. [30] Let Re(µ) > 0, w ∈ Cn−1([0,+∞)) and w(n−1)

exists almost everywhere on any bounded interval of R+. Then

(Iµ cDµ
0w)(r) = w(r)−

n−1∑
k=0

w(k)(0)

k!
rk.

In particular, when 0 < Re(µ) < 1, (Iµ cDµ
0w)(r) = w(r)− w(0).

Lemma 2.4. Let w ∈ C([0, T ]), w
′

and ∂h
∂r exist, then w(r) is a

solution of (2.1.1) if and only if

w(r) = w0 − h(0, w0) + h(r, w(r)) +
1

Γ(µ)

∫ r

0

(r − s)µ−1f(s, w(s)) ds.

(2.2.1)
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Proof. Suppose w(r) satisfies (2.1.1), then applying Iµ to both sides

of (2.1.1), we have

Iµ[cDµ(w(r)− h(r, w(r)))] = Iµf(r, w(r)), 0 < r ≤ T.

In view of Lemma 2.3 and the initial condition of problem (2.1.1),

we get

w(r) = w0 − h(0, w0) + h(r, w(r)) +
1

Γ(µ)

∫ r

0

(r − s)µ−1f(s, w(s)) ds.

Conversely, suppose that w(r) satisfies equation (2.2.1). Then ap-

plying cDµ to both sides of equation (2.2.1), we obtain

cDµw(r) = cDµ[w0 − h(0, w0) + h(r, w(r))+

1

Γ(µ)

∫ r

0

(r − s)µ−1f(s, w(s)) ds]

= cDµh(r, w(r)) + cDµIµf(r, w(r))

= cDµh(r, w(r)) + f(r, w(r))

cDµ[w(r)− h(r, w(r)] = f(r, w(r))..

Then cDµ[w(r) − h(r, w(r))] = f(r, w(r)) and the initial condition

w(0) = w0 holds.
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2.3 Existence and uniqueness of solutions

In this section, first we need to construct two mappings, one

is contraction and other is completely continuous. Now, define the

operator Φ : K → B by

(Φw)(r) = w0 − h(0, w0) + h(r, w(r))+ (2.3.1)

1

Γ(µ)

∫ r

0

(r − s)µ−1f(s, w(s)) ds

= (Pw)(r) + (Qw)(r),

where the operator P : K → B is defined as,

(Pw)(r) =
1

Γ(µ)

∫ r

0

(r − s)µ−1f(s, w(s)) ds,

and the operator Q : K → B is defined as,

(Qw)(r) = w(0)− h(0, w0) + h(r, w(r)).

Throughout this chapter, we assume that the following holds:

(C1) h, f ∈ C([0, T ]× [0,∞), [0,∞)) and h is non-decreasing on w.

(C2) Let w∗, w∗ ∈ K such that c ≤ w∗ ≤ w∗ ≤ d and satisfying

cDµ(w∗(r)− h(r, w∗(r))) ≥M(r, w∗(r)),
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cDµ(w∗(r)− h(r, w∗(r))) ≤ m(r, w∗(r)),

for any r ∈ [0, T ]. The function w∗ and w∗ are respectively called

a pair of upper and lower solutions for the equation (2.1.1).

(C3) For u, v ∈ B and r ∈ [0, T ], there exist α ∈ (0, 1) and β < 1

such that

|h(r, u)− h(r, v)| ≤ α ‖u− v‖ ,

|f(r, u)− f(r, v)| ≤ β ‖u− v‖ .

We need the following lemmas to establish our results.

Lemma 2.5. Assume that [C1] holds. Then the operator P : K → B

is completely continuous.

Proof. By [C1], f is continuous and nonnegative function, we get

that P : K → B is continuous. The function f : [0, T ]×K → [0,∞)

is bounded, then ∃ λ > 0 such that 0 ≤ f(r, w(r)) ≤ λ. We obtain

|(Pw)(r)| ≤ 1

Γ(µ)

∫ r

0

(r − s)µ−1 |f(s, w)| ds

≤ λ

Γ(µ)

[
(r − s)µ

−µ

]r
0

=
λrµ

Γ(µ+ 1)
≤ λT µ

Γ(µ+ 1)
.

Hence P (K) is uniformly bounded.

Now we will prove equicontinuity of P . Let w ∈ K, ε > 0, δ > 0
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and for any r1, r2 ∈ [0, T ] with r1 < r2 such that |r2 − r1| < δ. If

δ =
[
εΓ(µ+1)

2λ

] 1
µ

, then we have

|(Pw)(r1)− (Pw)(r2)| ≤
1

Γ(µ)

∫ r1

0

∣∣(r1 − s)µ−1 − (r2 − s)µ−1
∣∣ |f(s, w)| ds

+
1

Γ(µ)

∫ r2

r1

∣∣(r2 − s)µ−1
∣∣ |f(s, w(s)| ds

≤ λ

Γ(µ)

∫ r1

0

[(r1 − s)µ−1 − (r2 − s)µ−1] ds

+
λ

Γ(µ)

∫ r2

r1

(r2 − s)µ−1 ds

=
λ

Γ(µ+ 1)
[rµ1 − r

µ
2 + 2(r2 − r1)

µ]

≤ 2λ

Γ(µ+ 1)
(r2 − r1)

µ

< ε.

Therefore P (K) is equicontinuous. Then by Arzela-Ascoli theorem,

P : K → B is completely continuous.

Lemma 2.6. Assume that [C1] and [C3] holds. Then the operator

Q : K → B is contraction.

Proof. By [C1] and initial conditions of problem (2.1.1), the operator

Q : K → B is continuous. For u, v ∈ K, we have

|(Qu)(r)− (Qv)(r)| = |h(r, u(r))− h(r, v(r))| ≤ α ‖u− v‖ .

Thus ‖(Qu)(r)− (Qv)(r)‖ ≤ α ‖u− v‖. Hence Q is contraction.
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Theorem 2.7. Assume that [C1] and [C2] holds, then there exists at

least one solution w(r) ∈ B of the problem (2.1.1) satisfying w∗(r) ≤

w(r) ≤ w∗(r), r ∈ [0, T ].

Proof. Let U = {w ∈ K : w∗(r) ≤ w(r) ≤ w∗(r), r ∈ [0, T ]}, endowed

with the norm ‖w‖ = max
0≤r≤T

|w(r)|, then we have ‖w‖ ≤ l. Hence U

is a bounded, closed and convex subset of Banach space B. Moreover

by [C1], the continuity of h, f implies that the operator Φ defined by

(2.3.1) is continuous on U. By Lemma 2.5, P : U → K is completely

continuous. Also by Lemma 2.6, Q : U → K is contraction. Now,

we show that if u(r), v(r) ∈ U then (Pu)(r) + (Qv)(r) ∈ U . For any

u(r), v(r) ∈ U , we have w∗(r) ≤ u(r), v(r) ≤ w∗(r), then

(Pu)(r) + (Qv)(r) = u0 − h(0, u0) + h(r, v(r))

+
1

Γ(µ)

∫ r

0

(r − s)µ−1f(s, u(s)) ds

≤ u0 − h(0, u0) + h(r, w∗(r))

+
1

Γ(µ)

∫ r

0

(r − s)µ−1M(s, w∗(s)) ds ≤ w∗(r),

(2.3.2)

and

(Pu)(r) + (Qv)(r) = u0 − h(0, u0) + h(r, v(r))

+
1

Γ(µ)

∫ r

0

(r − s)µ−1f(s, u(s)) ds
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≥ u0 − h(0, u0) + h(r, w∗(r))

+
1

Γ(µ)

∫ r

0

(r − s)µ−1m(s, w∗(s)) ds ≥ w∗(r).

(2.3.3)

Thus from (2.3.2) and (2.3.3), w∗(r) ≤ (Pu)(r) + (Qv)(r) ≤ w∗(r)

implying that (Pu)(r) + (Qv)(r) ∈ U . Hence by Krasnoselskii fixed

point theorem, there exists fixed point w(r) ∈ U such that

w(r) = (Pw)(r) + (Qw)(r), r ∈ [0, T ] in U .

Thus the problem (2.1.1) has at least one solution w(r) ∈ U and

w∗(r) ≤ w(r) ≤ w∗(r), r ∈ [0, T ].

Corollary 2.8. Assume that, [C1]− [C3] holds and there exists ζ1,

ζ2, ζ3, ζ4 such that

0 < ζ1 ≤ h(r, w) ≤ ζ2 <∞, (r, w(r)) ∈ [0, T ]× [0,∞), (2.3.4)

0 < ζ3 ≤ f(r, w) ≤ ζ4 <∞, (r, w(r)) ∈ [0, T ]× [0,∞). (2.3.5)

Then the problem (2.1.1) has at least one solution w ∈ B. Moreover,

w0 − h(0, w0) + ζ1 + ζ3
rµ

Γ(µ+ 1)
≤ w(r)

≤ w0 − h(0, w0) + ζ2 + ζ4
rµ

Γ(µ+ 1)
.

(2.3.6)
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Proof. By (2.3.5) and definition of control functions, we have

ζ3 ≤ m[r, w] ≤M [r, w] ≤ ζ4, (r, w(r)) ∈ [0, T ]× [0,∞). (2.3.7)

Now, we consider the equations

cDµ
0 [w(r)− ζ1] = ζ3, w(0) = w0,

cDµ
0 [w(r)− ζ2] = ζ4, w(0) = w0.

(2.3.8)

Then, equation (2.3.8) are equivalent to

w(r) = w0 − h(0, w0) + ζ1 +
ζ3

Γ(µ)

∫ r

0

(r − s)µ−1 ds

= w0 − h(0, w0) + ζ1 + ζ3
rµ

Γ(µ+ 1)

and

w(r) = w0 − h(0, w0) + ζ2 +
ζ4

Γ(µ)

∫ r

0

(r − s)µ−1 ds

= w0 − h(0, w0) + ζ2 + ζ4
rµ

Γ(µ+ 1)
.

Now taking into account (2.3.4), (2.3.7) we have

w∗(r) = w0 − h(0, w0) + ζ1 +
ζ3

Γ(µ)

∫ r

0

(r − s)µ−1 ds

≤ w0 − h(0, w0) + h(r, w∗) +
1

Γ(µ)

∫ r

0

(r − s)µ−1m(r, w∗) ds

and

w∗(r) = w0 − h(0, w0) + ζ2 +
ζ4

Γ(µ)

∫ r

0

(r − s)µ−1 ds
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≥ w0 − h(0, w0) + h(r, w∗) +
1

Γ(µ)

∫ r

0

(r − s)µ−1M(r, w∗) ds.

Then it is clear that, w∗(r) and w∗(r) are respectively the lower

and upper solutions of equation (2.3.8). Therefore, an application of

Theorem 2.7, yields that the problem (2.1.1) has at least one solution

w ∈ U ⊂ B and satisfies equation (2.3.6).

Theorem 2.9. Assume that [C1] and [C3] holds and

α +
βT µ

Γ(µ+ 1)
< 1. (2.3.9)

Then the problem (2.1.1) has a unique solution w ∈ U .

Proof. From Theorem 2.7 it follows that the problem (2.1.1) has at

least one solution in U . Hence for uniqueness of solution, we need

only to prove that the operator Φ : K → B defined in equation

(2.3.1) is a contraction on B. For all ξ1, ξ2 ∈ U , we have

|Φ(ξ1)− Φ(ξ2)| ≤ |h(r, ξ1(r))− h(r, ξ2(r))|

+
1

Γ(µ)

∫ r

0

(r − s)µ−1 |f(s, ξ1(s))− f(s, ξ2(s))| ds

≤ α |ξ1 − ξ2|+ β |ξ1 − ξ2|
1

Γ(µ)

∫ r

0

(r − s)µ−1 ds

= α |ξ1 − ξ2|+ β |ξ1 − ξ2|
rµ

Γ(µ+ 1)

≤
(
α +

βT µ

Γ(µ+ 1)

)
|ξ1 − ξ2| .
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Thus,

‖Φ(ξ1)− Φ(ξ2)‖ ≤
(
α +

βT µ

Γ(µ+ 1)

)
‖ξ1 − ξ2‖ .

Hence by equation (2.3.9), the operator Φ is a contraction mapping.

Then by contraction mapping principle, we conclude that the prob-

lem (2.1.1) has a unique solution w ∈ U .

Example 2.1. Consider the following nonlinear fractional differen-

tial equation
cD

1
4

[
w(r)− 1+w(r)

3+w(r)

]
= 1

2+r

[
2 + rw(r)

2+w(r)

]
, 0 < r ≤ 1,

w(0) = 1,

(2.3.10)

where w0 = 1, T = 1, h(r, w) = 1+w(r)
3+w(r), f(r, w) = 1

2+r

[
2 + rw(r)

2+w(r)

]
and h(0, w0) = 1

2. Since h is non-decreasing on w, lim
w→∞

1+w(r)
3+w(r) = 1,

lim
w→∞

1
2+r

[
2 + rw(r)

1+w(r)

]
= 1 and 1

3 ≤ h(r, w) ≤ 1, 2
3 ≤ f(r, w) ≤ 1, for

(r, w) ∈ [0, 1]× [0,∞). Hence from Corollary 2.8, equation (2.3.10)

has solution which satisfies w∗(r) ≤ w(r) ≤ w∗(r), where w∗(r) =

3
2 + 4r

1
4

Γ( 1
4 )

, w∗(r) = 5
6 + 8r

1
4

3Γ( 1
4 )

are respectively the upper and lower

solutions of (2.3.10).

Also α + βT
1
4

Γ(q) ≈ 0.3106 < 1 , then by Theorem 2.9 and (2.3.10)

has a unique solution which is bounded by w∗(r) and w∗(r).
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2.4 Conclusion

Krasnoselskii and Banach fixed point theorems are applied to study

the existence and uniqueness of solutions of nonlinear fractional dif-

ferential equation involving Liouville - Caputo derivative. Lower and

upper solutions for the considered problem are defined and applied

to study existence and uniqueness of the problem (2.1.1).
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3.1 Introduction

In the recent years, the theory of singular boundary value

problems has become an important area of investigation [18, 65, 68,

69]. The existence of solutions by using various methods such as

lower and upper solution method and fixed point theorem is proved.

In [76] X. Zhang et al. obtained the existence and uniqueness of

positive solutions when g has singularities at r = 0 and (or)1 by

using monotone iterative method. In 2020 [60] S. Song et al. investi-

gated the existence of extremal solutions by using monotone iterative

technique coupled with lower and upper solutions for the problem
−Dν

0+z(r) = g(r, z(r)), r ∈ [0, 1],

z(0) = 0, z(1) =

∫ 1

0

z(s) dη(s),

where 1 < ν < 2, Dν
0+ is the Riemann-Liouville fractional derivative

and η(r) is a positive measure function. Y. Wang et al. [66] studied

the positive properties of the green function for the Dirichlet-type

problem 
−Dν

0+z(r) + az(r) = g(r, z(r)), 0 < r < 1,

z(0) = 0, z(1) = 0,
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where 1 < ν < 2, a > 0, Dν
0+ is the Riemann-Liouville fractional

derivative. Y. Wang et al.[67] established the existence of positive

solutions for resonant problem.

Inspired by the aforementioned works, in this chapter we prove

the following problem have minimal and maximal solutions using

monotone method:
Dν

0+z(r) + g(r, z(r)) = 0, 0 < r < 1, l − 1 < ν ≤ l,

z(k)(0) = 0, 0 ≤ k ≤ l − 2, z(1) =

∫ 1

0

z(s) dη(s),

(3.1.1)

where, Dν
0+ is the Riemann-Liouville fractional derivative of order

l ≥ 2, l ∈ N, g has singularities at r = 0 and (or) 1, η is a function of

bounded variation and

∫ 1

0

z(s)dη(s) denotes the Riemann-Stieltjes

integral of z with respect to η, dη can be signed measure .

The layout of this chapter is as follows: In section 3.2, we

present some basic definitions and lemmas that will be used to prove

our main results. Section 3.3 is devoted to uniqueness of solution to

problem (3.1.1) by using Banach contraction principle. In Section

3.4, we develop monotone iterative method and applied to obtain ex-

istence and uniqueness results for Riemann-Liouville fractional dif-

ferential equations with integral boundary conditions.
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3.2 Basic Results

In this section, we present some useful definitions and lem-

mas that will be used in the next section to attain existence and

uniqueness results for the nonlinear problem (3.1.1).

Definition 3.1. A function ẋ0 ∈ C([0, 1]) is called a lower solution

of the problem (3.1.1)

if it satisfies
Dν

0+ẋ0(r) + g(r, ẋ0(r)) ≥ 0, 0 < r < 1, l − 1 < ν ≤ l,

ẋ
(k)
0 (0) = 0, 0 ≤ k ≤ l − 2, ẋ0(1) ≤

∫ 1

0

ẋ0(s) dη(s).

(3.2.1)

Definition 3.2. A function ẏ0 ∈ C([0, 1]) is called a upper solution

of the problem (3.1.1)

if it satisfies
Dη

0+ẏ0(r) + g(r, ẏ0(r)) ≤ 0, 0 < r < 1, l − 1 < ν ≤ l,

ẏ
(k)
0 (0) = 0, 0 ≤ k ≤ l − 2, ẏ0(1) ≥

∫ 1

0

ẏ0(s) dη(s).

(3.2.2)

Denote

ρ(r) =
ν − 2

Γ(ν − 1)
+
∞∑
k=1

rk

Γ((k + 1)ν − 2)
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It is easy to check that (see [66, 67])

ρ(0) =
ν − 2

Γ(ν − 1)
< 0

ρ
′
(r) =

∞∑
k=1

krk−1

Γ((k + 1)ν − 2)
> 0, on (0,∞)

and

lim
r→+∞

ρ(r) = +∞

Therefore, there exist a unique a∗ > 0 such that ρ(a∗) = 0.

Set

Ga(r) = rν−1Eν, ν(ar
ν), where Eν, ν(r) =

∞∑
k=0

rk

Γ((k + 1)ν)

(3.2.3)

is the Mittag-Leffler function ([30]).

For convenience, we list here the following assumptions.

[B1] the parameter a satisfies a ∈ (0, a∗],

[B2] η(r) is bounded variation in (0, 1) such that 0 < α ≤ 1,

α =

∫ 1

0

Ga(s) dη(s)

and 0 ≤ ζη(s) =

∫ 1

0

Ha(r, s) dη(s), 0 < Ga(1)−
∫ 1

0

Ga(s) dη(s),

[B3] g ∈ C((0, 1)× [0,∞), [0,∞)) and

g(r, u)− g(r, v) ≥ −a(u− v) for ẋ0 ≤ u ≤ v ≤ ẏ0, r ∈ (0, 1)
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Set

Ka(r, s) = Ha(r, s) +Ga(r)h
∗(s)

where,

h∗(s) =
ζη(s)

Ga(1)− α

Ha(r, s) =
1

Ga(1)


Ga(r)Ga(1− s)−Ga(r − s)Ga(1), if 0 ≤ s ≤ r ≤ 1

Ga(r)Ga(1− s), if 0 ≤ r ≤ s ≤ 1

(3.2.4)

Lemma 3.3. [66] Suppose that [B1] holds and y ∈ L[0, 1]. Then the

problem 
−Dν

0+z(r) + az(r) = q(r), 0 < r < 1,

z(0) = 0, z(1) = 0,

has a unique solution

z(r) =

∫ 1

0

Ha(r, s)q(s) ds,

where

Ha(r, s) =
1

Ga(1)


Ga(r)Ga(1− s)−Ga(r − s)Ga(1), if 0 ≤ s ≤ r ≤ 1

Ga(r)Ga(1− s), if 0 ≤ r ≤ s ≤ 1
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Lemma 3.4. Suppose that [B1], [B2] hold and y ∈ C([0, 1]). Then

linear fractional boundary value problem
Dν

0+z(r)− az(r) + q(r) = 0, 0 < r < 1, l − 1 < ν ≤ l,

z(k)(0) = 0, 0 ≤ k ≤ l − 2, z(1) =

∫ 1

0

z(s) dη(s),

(3.2.5)

has the following unique solution

z(r) =

∫ 1

0

Ka(r, s)q(s) ds.

Proof. First apply Iν on linear equation (3.2.5) and using result, see

in [30], we get

z(r) = −
∫ r

0

Ga(r − s)q(s) ds+ C0Ga(r) + C1G
′

a(r)+ (3.2.6)

C2G
′′

a(r) + . . .+ Cl−1G
(l−1)
a (r)

Since z(0) = 0 then Cl−1 = 0.

Similarly z
′
(0) = z

′′
(0) = . . . = zl−2(0) = 0 gives

C1 = C2 = . . . = Cl−2 = 0

Then equation (3.2.6) becomes

z(r) = −
∫ r

0

Ga(r − s)q(s) ds+ C0G(r).
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Using z(1) =

∫ 1

0

z(s) dη(s), we obtain

C0 =
1

Ga(1)

[∫ 1

0

z(s) dη(s) +

∫ 1

0

Ga(1− s)q(s) ds.
]

Hence,

z(r) = −
∫ r

0

Ga(r − s)q(s) ds+

Ga(r)

Ga(1)

[∫ 1

0

z(s) dη(s) +

∫ 1

0

Ga(1− s)q(s) ds
]

= −
∫ r

0

Ga(r − s)q(s) ds+
Ga(r)

Ga(1)

∫ 1

0

z(s) dη(s)+

Ga(r)

Ga(1)

∫ r

0

Ga(1− s)q(s) ds+
Ga(r)

Ga(1)

∫ 1

r

Ga(1− s)q(s) ds

=
1

Ga(1)

∫ r

0

[Ga(r)Ga(1− s)−Ga(1)Ga(r − s)] q(s) ds

+
1

Ga(1)

∫ 1

r

Ga(r)Ga(1− s)q(s) ds+
Ga(r)

Ga(1)

∫ 1

0

z(s) dη(s)

=

∫ 1

0

Ha(r, s)q(s) ds+
Ga(r)

Ga(1)

∫ 1

0

z(s) dη(s).

Let

∫ 1

0

z(s) dη(s) =

∫ 1

0

[

∫ 1

0

Ha(s, τ)q(τ) dτ ]dη(s)+∫ 1

0

Ga(s)

Ga(1)
dη(s)

∫ 1

0

z(s) dη(s).

Therefore

[1− 1

Ga(1)

∫ 1

0

Ga(s) dη(s)]

∫ 1

0

z(s) dη(s) =

∫ 1

0

[

∫ 1

0

Haq(τ) dτ ]dη(s)
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0

z(s) dη(s) =
1

[1− 1
Ga(1)

∫ 1

0

Ga(s) dη(s)]

∫ 1

0

∫ 1

0

Haq(τ) dτdη(s)

Therefore

z(r) =

∫ 1

0

Ha(r, s)q(s) ds+

Ga(r)

Ga(1)

 1

1− 1
Ga(1)

∫ 1

0

Ga(s) dη(s)


∫ 1

0

∫ 1

0

Haq(τ) dτdη(s)

=

∫ 1

0

Ha(r, s)q(s) ds+

Ga(r)

Ga(1)−
∫ 1

0

Ga(s) dη(s)

∫ 1

0

∫ 1

0

Ha(s, τ)q(τ) dτdη(s)

=

∫ 1

0

[Ha(r, s) +
Ga(r)

Ga(1)−
∫ 1

0

Ga(s) dη(s)∫ 1

0

Ha(s, τ)dη(τ)]q(s) ds

z(r) =

∫ 1

0

Ka(r, s)q(s) ds.

Lemma 3.5. Suppose [B1], [B2] holds, then the function Ka(r, s)

has the following properties:

1. Ka(r, s) > 0 ∀ r, s ∈ (0, 1)

2. ψ2(s)r
ν−1 ≤ Ka(r, s) ≤ ψ1(s)r

ν−1, ∀ r, s ∈ (0, 1)

where, ψ1(s) = Ga(1− s) +Ga(1)h∗(s), ψ2(s) = 1
Γ(ν)h

∗(s).
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Proof. We need to prove that (2) holds. By equation (3.2.3)

rν−1

Γ(ν)
≤ Ga(r) = rν−1

∞∑
k=0

akrνk

Γ((k + 1)ν)
≤ rν−1Ga(1), r ∈ (0, 1)

(3.2.7)

G
′

a(r) =
∞∑
k=0

akr(k+1)ν−2

Γ((k + 1)ν − 1)
> 0, r ∈ (0, 1) (3.2.8)

G
′′

a(r) =
∞∑
k=0

ak[(k + 1)ν − 2]r(k+1)ν−3

Γ((k + 1)ν − 1)

= rν−3
∞∑
k=0

ak[(k + 1)ν − 2]rkν

Γ((k + 1)ν − 1)

= rν−3

[
ν − 2

Γ(ν − 1)
+
∞∑
k=1

akrkν[(k + 1)ν − 2]

Γ((k + 1)ν − 1)

]

= rν−3

[
ν − 2

Γ(ν − 1)
+
∞∑
k=1

akrkν

Γ((k + 1)ν − 2)

]

= rν−3ρ(arν) < rν−3ρ(a) ≤ rν−3ρ(a∗) = 0, r ∈ (0, 1)

(3.2.9)

which implies that Ga(r) is strictly increasing on (0, 1) and G
′

a(r) is

strictly decreasing on (0, 1).

Therefore by (3.2.7) we have,

Ka(r, s) = Ha(r, s) +Ga(r)h
∗(s)
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≤ Ga(r)Ga(1− s)
Ga(1)

+Ga(r)h
∗(s)

=

[
Ga(1− s)
Ga(1)

+ h∗(s)

]
Ga(r)

≤
[
Ga(1− s)
Ga(1)

+ h∗(s)

]
rν−1Ga(1)

= [Ga(1− s) +Ga(1)h∗(s)]rν−1

= ψ1(s)r
ν−1 (3.2.10)

where, ψ1(s) = Ga(1− s) +Ga(1)h∗(s).

On the other hand, when 0 ≤ r ≤ s ≤ 1. Note that Ga(0) = 0 and

monotonocity of Ga(r), it is clear that

Ga(r)Ga(1− s) > 0 (3.2.11)

Hence Ha(r, s) > 0 and by [B2], Ka(r, s) > 0 when 0 < r ≤ s ≤ 1.

When 0 < s < r < 1, we have

∂

∂s
[Ga(r)Ga(1− s)−Ga(r − s)Ga(1)] = −Ga(r)G

′

a(1− s)+

Ga(1)G
′

a(r − s)

≥ [Ga(1)−Ga(r)]G
′

a(1− s)

(3.2.12)

Integrating with respect to s, we obtain

Ga(r)Ga(1− s)−Ga(r − s)Ga(1) ≥
∫ s

0

[Ga(1)−Ga(r)]G
′

a(1− µ) dµ
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= [Ga(1)−Ga(r)]

[
Ga(1− µ)

−1

]s
0

= [Ga(1)−Ga(r)][Ga(1)−Ga(1− s)]

> 0 (3.2.13)

Then, by (3.2.4), (3.2.11), (3.2.13), we get

Ha(r, s) = Ga(r)Ga(1− s)−Ga(r − s)Ga(1) > 0 r, s ∈ (0, 1)

Now,

Ka(r, s) = Ha(r, s) +Ga(r)h
∗(s) ≥ Ga(r)h

∗(s)

≥ rν−1

Γ(ν)
h∗(s) = ψ2(s)r

ν−1 > 0 r, s ∈ (0, 1)

where, ψ2(s) = 1
Γ(ν)h

∗(s). Hence the proof.

Lemma 3.6. For 0 < r1 ≤ r2 < 1,

1. |Ga(r2)−Ga(r1)| < Eν, ν−1(a) |r2 − r1| = Ga(1)|r2 − r1|,

2. |Ga(r2 − s)−Ga(r1 − s)| < Eν, ν−1(a) |r2 − r1| = Ga(1)|r2 − r1|,

3. |Ha(r2, s)−Ha(r1, s)| < 2[Ga(1)]2|r2 − r1|,

4. |Ka(r2, s)−Ka(r1, s)| ≤ max
0≤s≤1

|Ka(r2, s)−Ka(r1, s)|

< Ga(1)[2Ga(1) + |h∗(s)|]|r2 − r1|
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Proof.

[1] |Ga(r2)−Ga(r1)| =
∣∣rν−1

2 Eν, ν(ar
ν
2)− rν−1

1 Eν, ν(ar
ν
1)
∣∣

=

∣∣∣∣∣rν−1
2

∞∑
k=o

akrνk2

Γ((k + 1)ν)
− rν−1

1

∞∑
k=o

akrνk2

Γ((k + 1)ν)

∣∣∣∣∣
=

∞∑
k=o

ak

Γ((k + 1)ν)

∣∣∣rν(k+1)−1
2 − rν(k+1)−1

1

∣∣∣
Applying mean value theorem, we get

r
ν(k+1)−1
2 − rν(k+1)−1

1 < [ν(k + 1)− 1](r2 − r1).

Therefore

|Ga(r2)−Ga(r1)| <
∞∑
k=o

ak[ν(k + 1)− 1]

Γ((k + 1)ν)
|r2 − r1|

=
∞∑
k=o

ak

Γ((k + 1)ν − 1)
|r2 − r1|

= Eν, ν−1(a)|r2 − r1|

= Ga(1)|r2 − r1|.

[2] |Ga(r2 − s)−Ga(r1 − s)| = |(r2 − s)ν−1Eν, ν(a(r2 − s)ν)−

(r1 − s)ν−1Eν, ν(a(r1 − s)ν)|

= |(r2 − s)ν−1
∞∑
k=o

ak(r2 − s)νk

Γ((k + 1)ν)
−

(r1 − s)ν−1
∞∑
k=o

ak(r2 − s)νk

Γ((k + 1)ν)
|
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=
∞∑
k=o

ak

Γ((k + 1)ν)
|(r2 − s)ν(k+1)−1−

(r1 − s)ν(k+1)−1|.

Applying mean value theorem, we get

(r2 − s)ν(k+1)−1 − (r1 − s)ν(k+1)−1 < [ν(k + 1)− 1](r2 − r1).

Therefore

|Ga(r2 − s)−Ga(r1 − s)| <
∞∑
k=o

ak

Γ((k + 1)ν − 1)
|r2 − r1|

= Eν, ν−1(a)|r2 − r1| = Ga|r2 − r1|.

[3] |Ha(r2, s)−Ha(r1, s)| = |[Ga(r2)Ga(1− s)−Ga(1)Ga(r2 − s)]

− [Ga(r1)Ga(1− s)−Ga(1)Ga(r1 − s)]|

< Ga(1− s)|Ga(r2)−Ga(r1)|+

Ga(1)|Ga(r1 − s)−Ga(r2 − s)|

< Ga(1− s)Eν, ν(a)|r2 − r1|+

Ga(1)Eν, ν(a)|r2 − r1|

= Eν, ν(a)[Ga(1− s) +Ga(1)]|r2 − r1|

= Ga(1)[Ga(1− s) +Ga(1)]|r2 − r1|

< 2[Ga(1)]2|r2 − r1|.
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[4] |Ka(r2, s)−Ka(r1, s)| ≤ max
0≤s≤1

|Ka(r2, s)−Ka(r1, s)|

= max
0≤s≤1

|[Ha(r2, s)−Ha(r1, s)]|+

|[Ga(r2)−Ga(r1)]h
∗(s)|

< 2[Ga(1)]2|r2 − r1|+Ga(1)|r2 − r1||h∗(s)|

= Ga(1)[2Ga(1) + |h∗(s)|]|r2 − r1|.

Hence the proof.

3.3 Main results

Let C = C([0, 1]) be endowed with the norm ‖z‖ = max
0≤r≤1

|z(r)|, then

(C , ‖.‖) is a Banach space. Now, define the operator T : C → C by

(Tz)(r) =

∫ 1

0

Ka(r, s)g(s, z(s)) ds.

Theorem 3.7. A mapping T : C → C is uniformly continuous.

Proof. The operator T : C → C is continuous in the view of non-

negativeness and continuity of Ka(r, s), Ha(r, s) and g(r, z). Let

S ⊂ C be bounded i.e. ∃ a positive constants M > 0 such that

‖z‖ < M ∀ z ∈ S, Let L∗ = max
0≤r≤1

|g(r, z)| then by Lemma 3.5 the

operator T : S → C is bounded uniformly.

Now to prove T(S) is equicontinuous.
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If z ∈ S, 0 < r1 < r2 < 1 then

|(Tz)(r2)− (Tz)(r1)| =
∣∣∣∣∫ 1

0

[Ka(r2, s)−Ka(r1, s)]g(s, z(s)) ds

∣∣∣∣
≤ max

0≤s≤1

∫ 1

0

|Ka(r2, s)−Ka(r1, s)| |g(s, z(s))| ds

< L∗Ga(1)|r2 − r1|
∫ 1

0

[2Ga(1) + |h∗(s)|] ds

< L∗Ga(1)|r2 − r1|[2Ga(1) +

∫ 1

0

|h∗(s)|] ds.

Then |(Tz)(r2)− (Tz)(r1)| → 0 uniformly as r1 → r2. This shows

that T (S) is equicontinuous on C . Then by Arzela-Ascoli theorem,

the operator T : C → C is completely continuous.

Theorem 3.8. Assume that [B1], [B2] holds. If there exists non-

negative constant N ∗ such that function g(r, x) satisfies

|g(r, x)− g(r, y)| ≤ N ∗|x− y|, r ∈ (0, 1), x, y ∈ C

and let Λ =

∫ 1

0

ψ(s) ds then the nonlinear problem (3.1.1) has a

unique fixed point.

Proof. For any x, y ∈ C , r, s ∈ (0, 1) and using Lemma 3.5

‖Tx(r)− Ty(r)‖ = max
0≤r≤1

|Tx(r)− Ty(r)|

= max
0≤r≤1

∣∣∣∣∫ 1

0

Ka(r, s)[g(r, x)− g(r, y)] ds

∣∣∣∣
= max

0≤r≤1

∫ 1

0

|Ka(r, s)||g(r, x)− g(r, y)| ds
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≤ rν−1N ∗ ‖x− y‖
∫ 1

0

ψ(s) ds

= rν−1N ∗Λ ‖u− v‖

Then by Banach contraction mapping theorem, T has a unique fixed

point in C . Hence the nonlinear problem (3.1.1) has unique solution.

3.4 Monotone Iterative Method

In this section, we develop monotone iterative technique combined

with the method of lower-upper solutions and we prove the existence

and uniqueness theorem of solution for problem (3.1.1).

For ẋ0, ẏ0 ∈ C with ẋ0 ≤ ẏ0 for r ∈ (0, 1), we denote

Ω∗ = [ẋ0, ẏ0] = {z ∈ C : ẋ0 ≤ z(r) ≤ ẏ0, r ∈ (0, 1)}

Lemma 3.9. Assume that [B1], [B2] holds and z(r) ∈ C satisfies

−Dνz(r) + az(r) ≥ 0

z(k)(0) = 0, z(1) ≥
∫ 1

0

z(s) dη(s) (3.4.1)

then for r ∈ (0, 1), z(r) ≥ 0.
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Proof. Let q(r) = −Dνz(r) + az(r) and d = z(1) −
∫ 1

0

z(s) dη(s).

Then from equation (3.4.1), we have q(r) ≥ 0, d ≥ 0. Then by

Lemma 3.4, the problem (3.2.5) has unique solution which can be

expressed as

z(r) =

∫ 1

0

Ka(r, s)q(s) ds

=

∫ 1

0

Ha(r, s)q(s) ds+

 Ga(r)

Ga(1)−
∫ 1

0

Ga(s) dη(s)


∫ 1

0

Ha(r, s) dη(s)

where,

Ha(r, s) =
1

Ga(1)


Ga(r)Ga(1− s)−Ga(r − s)Ga(1), if 0 ≤ s ≤ r ≤ 1

Ga(r)Ga(1− s), if 0 ≤ r ≤ s ≤ 1

Then by Lemma 3.5, Ha(r, s) ≥ 0 and Ka(r, s) ≥ 0 ∀ r, s ∈ (0, 1).

Hence z(r) ≥ 0, for all r, s ∈ (0, 1).

Theorem 3.10. Suppose [B1], [B2], [B3] holds, then there exist

monotone iterative sequences {ẋm}, {ẏm} ⊂ Ω∗ such that ẋm → ẋ,

ẏm → ẏ as m → ∞ uniformly in Ω∗ and ẋ, ẏ are minimal and

maximal solutions of problem (3.1.1) in Ω∗ respectively.
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Proof. For ẋm−1, ẏm−1 ∈ C , m ≥ 1, we define two sequences {ẋm},

{ẏm} respectively by the relations,
Dν

0+ẋm(r)− a(ẋm(r) + ẋm−1(r)) + g(r, ẋm−1(r)) = 0, 0 < r < 1

ẋ
(k)
m (0) = 0, ẋm(1) =

∫ 1

0

ẋm(s) dη(s)

and
Dν

0+ẏm(r)− a(ẏm(r) + ẏm−1(r)) + g(r, ẏm−1(r)) = 0, 0 < r < 1,

ẏ
(k)
m (0) = 0, ẏm(1) =

∫ 1

0

ẏm(s) dη(s)

Then by Lemma 3.4, {ẋm}, {ẏm} are well defined. Firstly we need

to show that ẋ0(r) ≤ ẋ1(r) ≤ ẏ1(r) ≤ ẏ0(r) for any r ∈ (0, 1).

Set ṗ(r) = ẋ1(r)−ẋ0(r) and by definition of ẋ1(r) with lower solution

ẋ0(r) we get,

−Dν
0+ṗ(r) + aṗ(r) = −Dν

0+(ẋ1(r)− ẋ0(r)) + a(ẋ1(r) + ẋ0(r))

= −Dν
0+ẋ1(r) + a(ẋ1(r) + ẋ0(r)) +Dν

0+ẋ0(r)

≥ −a(ẋ1(r) + ẋ0(r)) + g(r, ẋ0(r))+

a(ẋ1(r) + ẋ0(r))− g(r, ẋ0(r))

= 0

Also, ṗ(k)(0) = ˙̇x
(k)
1 (0)− ẋk0(0) = 0

ṗ(1) = ẋ1(1)− ẋ0(1)
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≥
∫ 1

0

ẋ1(s) dη(s)−
∫ 1

0

x0(s) dη(s)

=

∫ 1

0

[ẋ1(s)− ẋ0(s)] dη(s) =

∫ 1

0

ṗ(s) dη(s)

Then by Lemma 3.9, ṗ(r) ≥ 0 ⇒ ẋ1(r) ≥ ẋ0(r), r ∈ (0, 1).

Now to prove ẏ1(r) ≤ ẏ0(r) ∀r ∈ (0, 1), set ṗ(r) = ẏ1(r)− ẏ0(r) and

by definition of ẏ1(r) with upper solution ẏ0(r) we get,

−Dν
0+ṗ(r) + aṗ(r) = −Dν

0+(ẏ1(r)− ẏ0(r)) + a(ẏ1(r) + ẏ0(r))

= −Dν
0+ẏ1(r) + a(ẏ1(r) + ẏ0(r)) +Dν

0+ẏ0(r)

≤ −a(ẏ1(r) + ẏ0(r)) + g(r, ẏ0(r))+

a(ẏ1(r) + ẏ0(r))− g(r, ẏ0(r))

= 0

Also, ṗ(k)(0) = ẏ
(k)
1 (0)− ẏk0(0) = 0

ṗ(1) = ẏ1(1)− ẏ0(1)

≤
∫ 1

0

ẏ1(s) dη(s)−
∫ 1

0

ẏ0(s) dη(s)

=

∫ 1

0

[ẏ1(s)− ẏ0(s)] dη(s) =

∫ 1

0

ṗ(s) dη(s)

Then by Lemma 3.9, ṗ(r) ≤ 0 ⇒ ẏ1(r) ≤ ẏ0(r), ∀r ∈ (0, 1).

Now to prove ẋ1(r) ≤ ẏ1(r) ∀r ∈ (0, 1). Set ṗ(r) = ẏ1(r) − ẋ1(r).

Then by [B3] and definition of ẋ1(r), ẏ1(r), we get

−Dν
0+ṗ(r) = −Dν

0+[ẏ1(r)− ẋ1(r)]
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= −Dν
0+ẏ1(r)− [−Dν

0+ẋ1(r)]

= g(r, ẏ0(r))− a[ẏ1(r)− ẏ0(r)]−

[g(r, ẋ0(r))− a[ẋ1(r)− ẋ0(r)]]

= [g(r, ẏ0(r))− g(r, ẋ0(r))]− a[ẏ1(r)− ẏ0(r)]+

a[ẋ1(r)− ẋ0(r)]

≥ −a(ẏ0(r)− ẋ0(r))− a[ẏ1(r)− ẏ0(r)]+

a[ẋ1(r)− ẋ0(r)]

= −a(ẏ1(r)− ẋ1(r))

= −aṗ(r)

Also, ṗ(k)(0) = ẏ
(k)
1 (0)− ẋ(k)

1 (0) = 0

ṗ(1) = ẏ1(1)− ẋ1(1) =

∫ 1

0

ẏ1(s) dη(s)−
∫ 1

0

ẏ1(s) dη(s)

=

∫ 1

0

ṗ(s) dη(s)

Then by Lemma 3.9, ṗ(r) ≥ 0 ⇒ ẋ1(r) ≤ ẏ1(r) ∀r ∈ (0, 1). Now by

mathematical induction, it is easy to verify that

ẋ0(r) ≤ ẋ1(r) ≤ ẋ2(r) ≤ . . . ≤ ẋm(r) ≤ ẏm(r) ≤ . . . ẏ1(r) ≤ ẏ0(r).

Thus the sequences {ẋm}, {ẏm} are uniformly bounded and monoton-

ically non-decreasing and non-increasing in C . Hence the point-wise

limit exist and are given by lim
m→∞

ẋm(r) = ẋ(r), lim
m→∞

ẏm(r) = ẏ(r) on
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C . Next we claim that ẋ(r) and ẏ(r) are the minimal and maximal

solutions of problem (3.1.1). Let z(r) be any solution of problem

(3.1.1) different from ẋ(r) and ẏ(r) in Ω∗. So there exists some i

such that ẋi(r) ≤ z(r) ≤ ẏi(r), r ∈ (0, 1). Set ṗ1(r) = z(r)− ẋi+1(r).

So that, by assumption [B3], we obtain

−Dν ṗ1(r) = −Dνz(r)− (−Dνẋi+1)

= g(r, z(r))− [g(r, ẋi(r))− a(ẋi+1(r)− ẋi(r))]

= [g(r, z(r))− g(r, ẋi(r))] + a(ẋi+1(r)− ẋi(r))

≥ −a(z(r)− ẋi(r)) + a(ẋi+1(r)− ẋi(r))

= −a[z(r)− ẋi(r)− ẋi+1(r) + ẋi(r)]

= −a(z(r)− ẋi+1(r)) = −aṗ1(r)

ṗ
(k)
1 (0) = 0, ṗ1(1) =

∫ 1

0

ṗ1(s) dη(s)

Then by Lemma 3.9, ṗ1(r) ≥ 0 implying that ẋi+1(r) ≤ z(r) for all

i. Similarly set ṗ2(r) = ẏi+1(r)− z(r) and using [B3] we obtain

−Dν ṗ2(r) = −Dν ẏi+1(r)− (−Dνz(r))

= [g(r, ẏi(r))− a(ẏi+1(r)− ẏi(r))]− g(r, z(r))

= [g(r, ẏi(r))− g(r, z(r))]− a(ẏi+1(r)− ẏi(r))

≥ −a(ẏi(r)− z(r)) + a(ẏi+1(r)− ẏi(r))

= −a[ẏi(r)− z(r)− ẏi+1(r) + ẏi(r)]
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= −a(ẏi+1(r)− z(r)) = −aṗ2(r)

ṗ
(k)
2 (0) = 0, ṗ2(1) =

∫ 1

0

ṗ2(s) dη(s)

Then by Lemma 3.9, ṗ2(r) ≥ 0 implying that z(r) ≤ ẏi+1(r) for

all i. Hence ẋi+1(r) ≤ z(r) ≤ ẏi+1(r), r ∈ (0, 1). Since ẋ0(r) ≤

z(r) ≤ ẏ0(r) on C . Hence by induction method, it follows that

ẋi(r) ≤ z(r) ≤ ẏi(r) for all i. Taking limit as i → ∞, it follows

that ẋ(r) ≤ z(r) ≤ ẏ(r) on C . Thus the functions ẋ(r), ẏ(r) are the

extremal solutions of the problem (3.1.1).

Next we prove uniqueness of solutions of the problem (3.1.1).

Theorem 3.11. Assume that

1. [B1], [B2], [B3] holds,

2. there exists a > 0 such that the function g satisfies the condition

g(r, v)− g(r, v∗) ≤ a(v − v∗) (3.4.2)

for ẋ0 ≤ v ≤ v∗ ≤ ẏ0, r ∈ (0, 1).

Then the problem (3.1.1) has a unique solution in Ω∗.
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Proof. We know ẋ(r) ≤ ẏ(r) on C . It is sufficient to prove that

ẋ(r) ≥ ẏ(r). Consider ṗ(r) = ẏ(r)− ẋ(r). Then we have

−Dν ṗ(r) = −Dν ẏ(r)− (−Dνẋ(r))

= g(r, ẏ(r))− g(r, ẋ(r))

≤ −a(ẏ(r)− ẋ(r)) = −aṗ(r)

and

ṗ(k)(0) = 0, ṗ(1) =

∫ 1

0

ṗ(s) dη(s)

By Lemma 3.9, ṗ(r) ≤ 0 implying that ẏ(r) ≤ ẋ(r).

Hence ẋ(r) = ẏ(r) is the unique solution of problem (3.1.1).

3.5 Conclusion

1. By implementing Banach contraction mapping theorem it is

shown that the mapping T has a unique fixed point in C .

2. Monotone iterative sequences {ẋm} and {ẏm} converging uni-

formly to ẋ and ẏ as m→∞ respectively.

3. Monotone technique developed is applied to prove that ẋ, ẏ are

minimal and maximal solutions of problem (3.1.1) in Ω∗.

4. Uniqueness of solutions of the nonlinear problem (3.1.1) with

integral boundary conditions is also obtained.
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4.1 Introduction

In 2020, Derbazi et al. [20] developed monotone iterative tech-

nique to study the existence and uniqueness of solution for initial

value problem of nonlinear fractional differential equations including

ψ-Caputo derivative. Dhaigude et. al. [26] have proved the existence

and uniqueness of solution of nonlinear boundary value problems for

ψ-Caputo fractional differential equations by applying monotone it-

erative technique. Abdo et. al. [3] investigates the existence and

uniqueness of solutions of boundary value problems for ψ-Caputo

fractional differential equations.

Motivated by their works, in this chapter, we consider the exis-

tence and uniqueness of solutions of the following nonlinear boundary

value problems [BVP] involving ψ-Caputo fractional derivative

cDµ,ψ
a+ z(r) = f(r, z(r)), r ∈ J = [a, b],

z(a) = a∗, z(b) = b∗,

(4.1.1)

where cDµ,ψ
a+ is the ψ−Caputo fractional derivative of order

µ, 0 < µ ≤ 1, f : J × R → R is a given continuous function and

a∗, b∗ ∈ R. Monotone iterative technique combined with coupled

lower-upper solutions is developed for nonlinear BVP (4.1.1) and

qualitative properties of solutions such as existence-uniqueness are
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obtained.

This chapter is organized as follows: In section 4.2, some basic

definitions and useful lemmas are given. In section 4.3, lower-upper

solutions of boundary value problem for ψ-Caputo fractional differ-

ential equation are introduced. Monotone technique is developed

and successfully applied to obtain existence-uniqueness of solution

of nonlinear BVP (4.1.1).

4.2 Preliminaries

In this section, we deduce some preliminary results required in the

next section to attain existence and uniqueness results for nonlinear

BVP (4.1.1) involving ψ-Caputo fractional derivative. Let J = [a, b],

where 0 ≤ a < b < ∞, be a finite interval and ψ : J → R is an

increasing differentiable function such that ψ′(r) 6= 0,for all r ∈ J.

Lemma 4.1. [7] Let µ, ν > 0, and z ∈ L1(J,R). Then

Iµ,ψIν,ψz(r) = Iµ+ν,ψz(r) a.e., r ∈ J.

In particular, if z ∈ C(J,R), then Iµ,ψIν,ψz(r) = Iµ+ν,ψz(r), r ∈ J.
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Lemma 4.2. [7] For µ > 0, the following holds:

If z(r) ∈ C(J,R) then

cDµ,ψ
a+ I

µ,ψz(r) = z(r), r ∈ J.

If z ∈ Cn−1(J,R), n− 1 < µ < n, then

Iµ,ψa+
cDµ,ψ

a+ z(r) = z(r)−
n−1∑
k=0

z
[k]
ψ (a)

k!
[ψ(r)− ψ(a)]k, r ∈ J.

Lemma 4.3. [30] For r > a, µ ≥ 0, and ν > 0, we have

1. Iµ,ψa+ [ψ(r)− ψ(a)]ν−1 = Γ(ν)
Γ(ν+µ) [ψ(r)− ψ(a)]ν+µ−1,

2. cDµ,ψ
a+ [ψ(r)− ψ(a)]ν−1 = Γ(ν)

Γ(ν−µ) [ψ(r)− ψ(a)]ν−µ−1

3. cDµ,ψ
a+ [ψ(r)− ψ(a)]k = 0, for all k ∈ {0, 1, . . . , n− 1}, n ∈ N.

Lemma 4.4. [3] If µ > 0 and z, ψ ∈ C[a, b], then

1. Iµ,ψa+ (.) is linear and bounded from C[a, b] to C[a, b].

2. Iµ,ψa+ z(a) = limr→a I
µ,ψ
a+ z(r) = 0.

Lemma 4.5. [3] Let n−1 < µ < n, g ∈ C(J,R) and ψ is increasing

and ψ′(r) 6= 0, for all r ∈ J . A function z(r) ∈ Cn[a, b] is a solution

of the fractional boundary value problem

cDµ,ψ
a+ z(r) = g(r), r ∈ J,
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z
[k]
ψ (a) = zka , k = 0, 1, 2, . . . n− 2; z

[n−1]
ψ (b) = zb,

where zka , zb ∈ R, if and only if z(r) satisfies the following fractional

integral equation

z(r) =
n−2∑
k=0

zka
k!

[ψ(r)− ψ(a)]k+[
zb

(n− 1)!
+
g(a)[ψ(b)− ψ(a)]µ−n+1

(n− 2)!Γ(µ− n+ 2)

]
[ψ(r)− ψ(a)]n−1

− [ψ(r)− ψ(a)]n−1

(n− 1)!Γ(µ− n+ 1)

∫ b

a

ψ′(s)[ψ(b)− ψ(s)]µ−ng(s) ds

+
1

Γ(µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1g(s) ds.

4.3 Main Results

In this section, we develop monotone iterative technique and prove

the existence and uniqueness of solution of the nonlinear BVP (4.1.1)

involving ψ-Caputo fractional derivative.

Lemma 4.6. For a given g ∈ C(J,R) and µ ∈ (n−1, n), with n ∈ N.

A function z(r) ∈ Cn−1[a, b] is the solution of the linear fractional

boundary value problem

cDµ,ψ
a+ z(r) +mz(r) = g(r), r ∈ J = [a, b],

z
[k]
ψ (a) = zka , k = 0, 1, 2, . . . n− 2;

z
[n−1]
ψ (b) = zb,

(4.3.1)
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where zka , zb ∈ R, if and only if z(r) satisfies the following fractional

integral equation

z(r) =
n−2∑
k=0

zka
k!

[ψ(r)− ψ(a)]k +M [ψ(r)− ψ(a)]n−1

+
1

Γ(µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1[g(s)−mz(s)] ds

(4.3.2)

where,

M =
zb

(n− 1)!
+

[g(a)−mz(a)][ψ(b)− ψ(a)]µ−n+1

(n− 2)!Γ(µ− n+ 2)

− 1

(n− 1)!Γ(µ− n+ 1)

∫ b

a

ψ′(s)[ψ(b)− ψ(s)]µ−n[g(s)−mz(s)] ds.

Proof. First assume that z(r) ∈ Cn−1[a, b] be a solution to problem

(4.3.1). By Lemma 4.2,we have

z(r) = c0 + c1[ψ(r)− ψ(a)] + c2[ψ(r)− ψ(a)]2 + . . .+

cn−1[ψ(r)− ψ(a)]n−1

+
1

Γ(µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1[g(s)−mz(s)] ds.

(4.3.3)

Using (4.3.3) we get,

z
[0]
ψ (a) = z0

a = za = c0.
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Now

z′(r) = c1ψ
′(r) + 2c2[ψ(r)− ψ(a)]ψ′(r) + . . .+

(n− 1)cn−1[ψ(r)− ψ(a)]n−2ψ′(r)

+
d

dr

1

Γ(µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1[g(s)−mz(s)] ds,

= c1ψ
′(r) + 2c2[ψ(r)− ψ(a)]ψ′(r) + . . .+

(n− 1)cn−1[ψ(r)− ψ(a)]n−2ψ′(r)

− 1

Γ(µ)
ψ′(a)

[
[ψ(r)− ψ(a)]µ−1[g(a)−mz(a)]

]
+

1

Γ(µ− 1)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−2ψ′(r)[g(s)−mz(s)] ds.

∴ z
[1]
ψ (r) =

z′(r)

ψ′(r)

= c1 + 2c2[ψ(r)− ψ(a)] + . . .+ (n− 1)cn−1[ψ(r)− ψ(a)]n−2

− 1

Γ(µ)

[
[ψ(r)− ψ(a)]µ−1[g(a)−mz(a)]

]
+

1

Γ(µ− 1)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−2[g(s)−mz(s)] ds.

∴ z
[1]
ψ (a) = z1

a = c1 ⇒ c1 =
z1
a

1!
.

Similarly,

z
[2]
ψ (r) =

[z
[1]
ψ (r)]′

ψ′(r)

= 2c2 + 6c3[ψ(r)− ψ(a)] + . . .+

(n− 1)(n− 2)cn−1[ψ(r)− ψ(a)]n−3
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− 2

Γ(µ− 1)

[
[ψ(r)− ψ(a)]µ−2[g(a)−mz(a)]

]
+

1

Γ(µ− 2)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−3[g(s)−mz(s)] ds.

∴ z
[2]
ψ (a) = z2

a = 2c2 ⇒ c2 =
z2
a

2!

Repeating this process we get,

ck =
zka
k!
, k = 0, 1, 2, . . . , n− 2.

Again,

z
[n−1]
ψ (r) =

[z
[n−2]
ψ (r)]′

ψ′(r)

= (n− 1)!cn−1−

(n− 1)

Γ(µ− n+ 2)

[
[ψ(r)− ψ(a)]µ−n+1[g(a)−mz(a)]

]
+

1

Γ(µ− n+ 1)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−n[g(s)−mz(s)] ds

∴ z
[n−1]
ψ (b) = zb = (n− 1)!cn−1−

(n− 1)

Γ(µ− n+ 2)

[
[ψ(b)− ψ(a)]µ−n+1[g(a)−mz(a)]

]
+

1

Γ(µ− n+ 1)

∫ b

a

ψ′(s)[ψ(b)− ψ(s)]µ−n[g(s)−mz(s)] ds.

Therefore

cn−1 =
zb

(n− 1)!
+

[g(a)−mz(a)][ψ(b)− ψ(a)]µ−n+1

(n− 2)!Γ(µ− n+ 2)

− 1

(n− 1)!Γ(µ− n+ 1)

∫ b

a

ψ′(s)[ψ(b)− ψ(s)]µ−n[g(s)−mz(s)] ds.
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Hence equation (4.3.3) becomes

z(r) =
n−2∑
k=0

zka
k!

[ψ(r)− ψ(a)]k +
zb

(n− 1)!
+

[g(a)−mz(a)][ψ(b)− ψ(a)]µ−n+1

(n− 2)!Γ(µ− n+ 2)
[ψ(r)− ψ(a)]n−1

− [ψ(r)− ψ(a)]n−1

(n− 1)!Γ(µ− n+ 1)

∫ b

a

ψ′(s)[ψ(b)− ψ(s)]µ−n[g(s)−mz(s)] ds

+
1

Γ(µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1[g(s)−mz(s)] ds.

This equation can also be written in the form

z(r) =
n−2∑
k=0

zka
k!

[ψ(r)− ψ(a)]k +M [ψ(r)− ψ(a)]n−1

+
1

Γ(µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1[g(s)−mz(s)] ds,

where,

M =
zb

(n− 1)!
+

[g(a)−mz(a)][ψ(b)− ψ(a)]µ−n+1

(n− 2)!Γ(µ− n+ 2)

− 1

(n− 1)!Γ(µ− n+ 1)

∫ b

a

ψ′(s)[ψ(b)− ψ(s)]µ−n[g(s)−mz(s)] ds.

To prove the converse, we apply cDµ,ψ
a+ to both sides of equation

(4.3.2) and using Lemma 4.2, we obtain

cDµ,ψ
a+ z(r) = cDµ,ψ

a+ I
µ,ψ
a+ [g(r)−mz(r)]

= g(r)−mz(r)
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⇒ cDµ,ψ
a+ z(r) +mz(r) = g(r).

It is clear that z0
a = za. Also the direct computations leads to

z
[1]
ψ (r) =

z′(r)

ψ′(r)

=
n−2∑
k=1

zka
(k − 1)!

[ψ(r)− ψ(a)]k−1 + (n− 1)M [ψ(r)− ψ(a)]n−2

+
1

Γ(µ− 1)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−2[g(s)−mz(s)] ds,

and so z
[1]
ψ (a) = z1

a.

z
[2]
ψ (r) =

[z
[1]
ψ (r)]′

ψ′(r)

=
n−2∑
k=2

zka
(k − 2)!

[ψ(r)− ψ(a)]k−2+

(n− 1)(n− 2)M [ψ(r)− ψ(a)]n−3

+
1

Γ(µ− 2)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−3[g(s)−mz(s)] ds,

and so z
[2]
ψ (a) = z2

a. Repeating this process, we write

z
[n−2]
ψ (r) =

(z[n−3])′(r)

ψ′(r)

= zn−2
a + (n− 1)!M [ψ(r)− ψ(a)]

+
1

Γ(µ− n+ 2)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−n+1[g(s)−mz(s)] ds.

(4.3.4)
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Taking r → a in equation (4.3.4), from continuity of g(r) and using

Lemma 4.4, we conclude that z
[n−2]
ψ (a) = zn−2

a . Now

z
[n−1]
ψ (r) =

(z[n−2])′(r)

ψ′(r)

= (n− 1)![
zb

(n− 1)!
+

[g(a)−mz(a)][ψ(b)− ψ(a)]µ−n+1

(n− 2)!Γ(µ− n+ 2)

− 1

(n− 1)!Γ(µ− n+ 1)

∫ b

a

ψ′(s)[ψ(b)− ψ(s)]µ−n[g(s)−mz(s)] ds]

+
1

Γ(µ− n+ 1)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−n[g(s)−mz(s)] ds

= zb −
1

Γ(µ− n+ 1)

∫ b

a

ψ′(s)[ψ(b)− ψ(s)]µ−n[g(s)−mz(s)] ds

+
1

Γ(µ− n+ 1)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−n[g(s)−mz(s)] ds.

(4.3.5)

Taking r → b in equation (4.3.5), from continuity of g and using

Lemma 4.4, we conclude that z
[n−1]
ψ (b) = zb.

Lemma 4.7. For a given g(r) ∈ C(J,R) and µ ∈ (n − 1, n], with

n ∈ N, the linear boundary value problem (4.3.1) has unique solu-

tion (4.3.2). Moreover, the explicit solution of the Volterra integral

equation (4.3.2) can be represented by

z(r) =
n−2∑
k=0

zka [ψ(r)− ψ(a)]kEµ,k+1(−m(ψ(r)− ψ(a))µ)

+MΓ(n)[ψ(r)− ψ(a)]n−1Eµ,n(−m(ψ(r)− ψ(a))µ)
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+

∫ r

0

ψ′(s)[ψ(r)− ψ(s)]µ−1Eµ,µ(−m(ψ(r)− ψ(a))µ)g(s) ds,

(4.3.6)

where Eµ,ν(.) is the two-parameter Mittag-Leffer function.

Proof. By Lemma 4.6, linear BVP (4.3.1) has a solution (4.3.2).

Note that the equation (4.3.2) can be written in the following form

z(r) = T [z(r)],

where the operator T is defined by

T [z(r)] =
n−2∑
k=0

zka
k!

[ψ(r)− ψ(a)]k +M [ψ(r)− ψ(a)]n−1 −mIµ,ψa+ z(r)+

Iµ,ψa+ g(r).

Let n ∈ N and x, y ∈ C(J,R). We have

∣∣T i(x)(r)− T i(y)(r)
∣∣ =

∣∣∣−mIµ,ψa+

(
T i−1(x)(r)− T i−1(y)(r)

)∣∣∣
=
∣∣∣−mIµ,ψa+

(
−mIµ,ψa+

(
T i−2(x)(r)− T i−2(y)(r)

))∣∣∣
...

=
∣∣∣(−m)iI iµ,ψa+ ((x)(r)− (y)(r))

∣∣∣
≤ (m[ψ(b)− ψ(a)]µ)i

Γ(iµ+ 1)
‖x− y‖

=
(mi[ψ(b)− ψ(a)]iµ)

Γ(iµ+ 1)
‖x− y‖ ,
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for every i ∈ N and x, y ∈ A. Let θi = (mi[ψ(b)−ψ(a)]iµ)
Γ(iµ+1) . Using

generalized Mittag-Leffler functions, we have

∞∑
i=0

θi = Eµ(m(ψ(b)− ψ(a))µ).

Hence series
∞∑
i=0

θi converges. Thus the mapping T i is a contraction.

Applying Weissinger’s fixed point theorem, it follows that T has

a unique fixed point. Hence equation (4.3.1) has unique solution

z(r). Applying method of successive approximations to prove that

the integral equation (4.3.2) can be expressed by equation (4.3.6).

For this, set

z0(r) =
n−2∑
k=0

zka
k!

[ψ(r)− ψ(a)]k +M [ψ(r)− ψ(a)]n−1,

zm(r) = z0(r)−
r

Γ(µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1zm−1(s) ds

+
1

Γ(µ)

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1g(s) ds.

∴ z1(r) = z0(r)−mIµ,ψa+ z0(r) + Iµ,ψa+ g(r)

=
n−2∑
k=0

zka
k!

[ψ(r)− ψ(a)]k +M [ψ(r)− ψ(a)]n−1−

m
n−2∑
k=0

zka
k!

Γ(k + 1)

Γ(µ+ k + 1)
[ψ(r)− ψ(a)]µ+k

−mM Γ(n)

Γ(µ+ n)
[ψ(r)− ψ(a)]µ+n−1 + Iµ,ψa+ g(r)

=
n−2∑
k=0

zka
k!

[ψ(r)− ψ(a)]k +M [ψ(r)− ψ(a)]n−1−
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m
n−2∑
k=0

zka
Γ(µ+ k + 1)

[ψ(t)− ψ(a)]µ+k

−mM Γ(n)

Γ(µ+ n)
[ψ(r)− ψ(a)]µ+n−1 + Iµ,ψa+ g(r).

∴ z2(r) = z0(t)−mIµ,ψa+ z1(r) + Iµ,ψa+ g(r)

=
n−2∑
k=0

zka
k!

[ψ(r)− ψ(a)]k +M [ψ(r)− ψ(a)]n−1−

m
n−2∑
k=0

zka
Γ(µ+ k + 1)

[ψ(r)− ψ(a)]µ+k

−mM Γ(n)

Γ(µ+ n)
[ψ(r)− ψ(a)]µ+n−1

+m2
n−2∑
k=0

zkaΓ(µ+ k + 1)

Γ(µ+ k + 1)Γ(2µ+ k + 1)
[ψ(r)− ψ(a)]2µ+k

+m2M
Γ(n)Γ(µ+ n)

Γ(µ+ n)Γ(2µ+ n)
[ψ(r)− ψ(a)]2µ+k−1−

mI2µ,ψ
a+ g(r) + Iµ,ψa+ g(r)

=
2∑
l=0

n−2∑
k=0

(−m)lzka
Γ(lµ+ k + 1)

[ψ(r)− ψ(a)]lµ+k+

2∑
l=0

(−m)lMΓ(n)

Γ(lµ+ n)
[ψ(r)− ψ(a)]lµ+n−1

+

∫ r

a

ψ′(s)
2∑
l=0

(−m)l[ψ(r)− ψ(s)]lµ+µ−1

Γ(lµ+ n)
g(s) ds.

Continuing this process, we derive the following relation

zm(r) =

q∑
l=0

n−2∑
k=0

(−m)lzka
Γ(lµ+ k + 1)

[ψ(r)− ψ(a)]lµ+k+

q∑
l=0

(−m)lMΓ(n)

Γ(lµ+ n)
[ψ(r)− ψ(a)]lµ+n−1
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+

∫ r

a

ψ′(s)

q−1∑
l=0

(−m)l[ψ(r)− ψ(s)]lµ+µ−1

Γ(lµ+ n)
g(s) ds.

Taking limit as q →∞, we obtain the following explicit solution z(r)

to the integral equation (4.3.6).

z(r) =
∞∑
l=0

n−2∑
k=0

(−m)lzka
Γ(lµ+ k + 1)

[ψ(r)− ψ(a)]lµ+k+

∞∑
l=0

(−m)lMΓ(n)

Γ(lµ+ n)
[ψ(r)− ψ(a)]lµ+n−1

+

∫ r

a

ψ′(s)
∞∑
l=0

(−m)l[ψ(r)− ψ(s)]lµ+µ−1

Γ(lµ+ n)
g(s) ds

=
n−2∑
k=0

zka [ψ(r)− ψ(a)]k
∞∑
l=0

(−m)l

Γ(lµ+ k + 1)
[ψ(r)− ψ(a)]lµ

+MΓ(n)[ψ(r)− ψ(a)]n−1
∞∑
l=0

(−m)l

Γ(lµ+ n)
[ψ(r)− ψ(a)]lµ

+

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1
∞∑
l=0

(−m)l

Γ(lµ+ µ)
[ψ(r)− ψ(s)]lµg(s) ds.

∴ z(r) =
n−2∑
k=0

zka [ψ(r)− ψ(a)]kEµ,k+1(−m(ψ(r)− ψ(a))µ)

+MΓ(n)[ψ(r)− ψ(a)]n−1Eµ,n(−m(ψ(r)− ψ(a))µ)

+

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1Eµ,µ(−m(ψ(r)− ψ(s))µ)g(s) ds.

This proves the Lemma.
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Lemma 4.8. (Comparison Result). Let µ ∈ (0, 1] and m ∈ R. If

p ∈ C(J,R) satisfies the following inequalities

cDµ,ψ
a+ p(r) ≥ −mp(r), p(a) ≥ 0, p(b) ≥ 0, r ∈ J, (4.3.7)

then p(r) ≥ 0 for all r ∈ J .

Proof. Let g(r) = cDµ,ψ
a+ p(r) +mp(r) and p(a) = a∗, p(b) = b∗, where

a∗, b∗ ∈ R. Then from Equation (4.3.7), g(r) ≥ 0 and a∗ ≥ 0, b∗ ≥ 0.

We know that Eµ,1(z) ≥ 0, Eµ,µ(z) ≥ 0 for all µ ∈ (0, 1], z ∈ R (see

[53]) and M ≥ 0. Then using the integral representation (4.3.6), we

obtain that p(r) ≥ 0 for all r ∈ J .

Definition 4.9. A function x0 ∈ C(J,R) is said to be a lower solu-

tion of the nonlinear BVP (4.1.1), if it satisfies

cDµ,ψ
a+ x0(r) ≤ f(r, x0), x0(a) ≤ a∗, x0(b) ≤ b∗, r ∈ J,

Definition 4.10. A function y0 ∈ C(J,R) is said to be a upper

solution of the nonlinear BVP (4.1.1), if it satisfies

cDµ,ψ
a+ y0(r) ≥ f(r, y0), y0(a) ≥ a∗, y0(b) ≥ b∗, r ∈ J,

Theorem 4.11. Let f(r, x(r)) ∈ C(J × R,R). Assume that,

(H1) There exist x0, y0 ∈ C(J,R) such that x0 and y0 are lower and
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upper solutions of nonlinear BVP (4.1.1), respectively, with x0 ≤ y0,

r ∈ J .

(H2) There exist a constant m ∈ R such that

f(r, y)− f(r, x) ≥ −m(y − x) for x0 ≤ x ≤ y ≤ y0.

Then there exist monotone iterative sequences {xn} and {yn} con-

verging uniformly on the interval J to the extremal solutions of non-

linear BVP (4.1.1) in the sector [x0, y0], where

[x0, y0] = {z ∈ C(J,R);x0(r) ≤ z(r) ≤ y0(r), r ∈ J} .

Proof. For any ω ∈ [x0, y0], we consider the following linear BVP of

fractional order

cDµ,ψ
a+ z(r) = f(r, ω(r))−m(z(r)− ω(r)), r ∈ J,

z(a) = a∗, z(b) = b∗,

(4.3.8)

Then the linear BVP (4.3.8) has unique solution z(r).

Define the iterates as follows and construct the sequences {xn} and

{yn}:

cDµ,ψ
a+ xn+1(r) = f(r, xn)−m(xn+1(r)− xn(r)), r ∈ J,

xn+1(a) = a∗, xn+1(b) = b∗,

(4.3.9)
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and

cDµ,ψ
a+ yn+1(t) = f(r, yn)−m(yn+1(r)− yn(r)), r ∈ J,

yn+1(a) = a∗, yn+1(b) = b∗.

(4.3.10)

Firstly we need to show that x0(r) ≤ x1(r) ≤ y1(r) ≤ y0(r) for any

r ∈ J .

Set p(r) = x1(r)−x0(r) and from (4.3.10) with lower solution x0, we

obtain

cDµ,ψ
a+ p(r) = cDµ,ψ

a+ x1(r)− cDµ,ψ
a+ x0(r)

≥ f(r, x0(r))−m(x1(r)− x0(r))− f(r, x0(r))

= −m(x1(r)− x0(r))

= −mp(r),

and p(a) = x1(a)− x0(a) = a∗ − x0(a) ≥ 0,

p(b) = x1(b)− x0(b) = b∗ − x0(b) ≥ 0.

Then by Lemma 4.8, p(r) ≥ 0, for r ∈ J , implies that x0(r) ≤ x1(r).

Similarly, set p(r) = y0(r) − y1(r). From (4.3.9) and definition of

upper solution, we obtain

cDµ,ψ
a+ p(r) = cDµ,ψ

a+ y0(r)− cDµ,ψ
a+ y1(r)

≥ f(r, y0(r))− f(r, y0(r)) +m(y1(r)− y0(r))
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= −m(y0(r)− y1(r))

= −mp(r),

and p(a) ≥ 0, p(b) ≥ 0.

Then by Lemma 4.8, p(r) ≥ 0, for r ∈ J , implies that y1(r) ≤ y0(r)

for r ∈ J .

Now to prove, x1(r) ≤ y1(r) for r ∈ J, set p(r) = y1(r)−x1(r). From

(4.3.9), (4.3.10) and (H2), we get

cDµ,ψ
a+ p(r) = cDµ,ψ

a+ y1(r)− cDµ,ψ
a+ x1(r)

= f(r, y0(r))− f(r, x0(r))−m(y1(r)− y0(r))+

m(x1(r)− x0(r))

≥ −m(y0(r)− x0(r))−m(y1(r)− y0(r))+

m(x1(r)− x0(r))

= −mp(r),

and p(a) = 0, p(b) = 0.

Then by Lemma 4.8, p(r) ≥ 0, for r ∈ J , implies that x1(r) ≤ y1(r)

for r ∈ J . Thus x0(r) ≤ x1(r) ≤ y1(r) ≤ y0(r) for any r ∈ J . Assume

that n > 1, xn−1(r) ≤ xn(r) ≤ yn(r) ≤ yn−1(r) for any r ∈ J . We

claim that xn(r) ≤ xn+1(r) ≤ yn+1(r) ≤ yn(r) for any r ∈ J . To
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prove this, set p(r) = xn+1(r)− xn(r).

cDµ,ψ
a+ p(r) = cDµ,ψ

a+ xn+1(r)− cDµ,ψ
a+ xn(r)

= f(r, xn(r))−m(xn+1(r)− xn(r))− f(r, xn−1(r))+

m(xn(r)− xn−1(r))

≥ −m(xn(r)− xn−1(r))−m(xn+1(r)− xn(r))−

m(xn(r)− xn−1(r))

= −m(xn+1(r)− xn(r))

= −mp(r),

and p(a) = 0, p(b) = 0.

Then by Lemma 4.8, p(r) ≥ 0, for r ∈ J , implies that xn(r) ≤

xn+1(r). Similarly we prove xn+1(r) ≤ yn+1(r) and yn+1(r) ≤ yn(r).

By principle of mathematical induction, we have

x0(r) ≤ x1 ≤ . . . ≤ xn−1 ≤ xn ≤ . . . ≤ yn ≤ yn−1 ≤ . . . ≤ y1 ≤ y0(r).

Thus the sequences {xn} is monotone nondecreasing and bounded

above by y0(r) and the sequences {yn} is monotone nonincreasing

and bounded below by x0(r). Therefore the pointwise limit exist

and these limits are denoted by x∗, y∗. Since sequences {xn}, {yn}

are of continuous functions defined on the compact set [a, b]. Hence
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by Dini’s theorem, the convergence is uniform. That is

lim
n→∞

xn(r) = x∗(r) and lim
n→∞

yn(r) = y∗(r),

uniformly on r ∈ J and the limit functions x∗, y∗ satisfy BVP (4.1.1).

Using corresponding fractional Volterra integral equations

xn+1(r) = a∗Eµ,1(−m(ψ(r)− ψ(a))µ) + b∗Eµ,1(−m(ψ(r)− ψ(a))µ)

+

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1Eµ,µ(−m(ψ(r)− ψ(s))µ)

[f(s, xn(s) +mxn(s)]ds, r ∈ J,

yn+1(r) = a∗Eµ,µ(−m(ψ(r)− ψ(a))µ) + b∗Eµ,µ(−m(ψ(r)− ψ(a))µ)

+

∫ r

a

ψ′(s)[ψ(r)− ψ(s)]µ−1Eµ,µ(−m(ψ(r)− ψ(s))µ)

[f(s, yn(s) +myn(s)]ds, r ∈ J,

it follows that x∗, y∗ are solutions of (4.3.9) and (4.3.10) respectively.

Next prove that x∗ and y∗ are minimal and maximal solutions of BVP

(4.1.1) in the sector [x0, y0]. Let w ∈ [x0, y0] be any solution of BVP

(4.1.1). Assume that for some n ∈ N , xn(r) ≤ w(r) ≤ yn(r), r ∈ J.

Set p(r) = w(r)− xn+1(r). We have

cDµ,ψ
a+ p(r) = cDµ,ψ

a+ w(r)− cDµ,ψ
a+ xn+1(r)

= f(r, w(r))− f(r, xn(r)) +m(xn+1(r)− xn(r))

≥ −m(w(r)− xn(r)) +m(xn+1(r)− xn(r))
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= −m(w(r)− xn+1(r))

= −mp(r),

and p(a) = 0, p(b) = 0.

Then by Lemma 4.8, we obtain p(r) ≥ 0, r ∈ J implies that

xn+1(r) ≤ w(r), r ∈ J . Set p(r) = yn+1(r)− w(r). We have

cDµ,ψ
a+ p(r) = cDµ,ψ

a+ yn+1(r)− cDµ,ψ
a+ w(r)

= f(r, yn(r))−m(yn+1(r)− yn(r))− f(r, w(r))

≥ −m(yn(r)− w(r))−m(yn+1(r)− yn(r))

= −m(yn+1(r)− w(r))

= −mp(r),

and p(a) = 0, p(b) = 0.

By Lemma 4.8, we obtain p(r) ≥ 0, r ∈ J. Thus w(r) ≤ yn+1(r),

r ∈ J . Hence, we have

xn+1(r) ≤ w(r) ≤ yn+1(r), r ∈ J. (4.3.11)

Taking the limit as n → ∞ on both sides of equation (4.3.11), we

get

x∗ ≤ w ≤ y∗.
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Therefore x∗, y∗ are the minimal and maximal solutions of nonlinear

BVP (4.1.1) in [x0, y0].

In the following Theorem, we establish uniqueness of solution of non-

linear BVP (4.1.1).

Theorem 4.12. Assume that [H1], [H2] are satisfied.

[H3] There exists a constant m∗ ≥ −m such that

f(r, y)− f(r, x) ≤ m∗(y − x),

for every x0 ≤ x ≤ y ≤ y0, r ∈ J . Then nonlinear BVP (4.1.1) has

a unique solution in [x0, y0].

Proof. By Theorem 4.11, x∗ and y∗ are respectively minimal and

maximal solutions of the nonlinear BVP (4.1.1) and x∗ ≤ y∗, r ∈ J .

It is sufficient to prove that x∗ ≥ y∗, r ∈ J . For this set p(r) = x∗−y∗,

r ∈ J . In view of [H3], we have

cDµ,ψ
a+ p(r) = cDµ,ψ

a+ x∗ −
cDµ,ψ

a+ y∗

= f(r, x∗)− f(r, y∗)

≥ m∗(x∗ − y∗) = m∗p(r).

Furthermore, p(a) = x∗(a)− y∗(a) = a∗ − a∗ = 0 and

p(b) = x∗(b)− y∗(b) = b∗ − b∗ = 0.
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By Lemma 4.8, we obtain p(r) ≥ 0, r ∈ J implies that x∗ ≥ y∗.

Thus x∗ = y∗ is unique solution of the nonlinear BVP (4.1.1) in

[x0, y0].

4.4 Conclusion

1. We start with lower solution x0(r) and upper solution y0(r) as

initial iterations of the nonlinear problem (4.1.1), the two mono-

tone convergent sequences {xn(r)} and {yn(r)} are constructed.

2. Monotone technique coupled with lower and upper solutions of

the nonlinear BVP (4.1.1) involving ψ-Caputo fractional deriva-

tive is developed.

3. Monotone technique is applied successfully to obtain existence

and uniqueness of solutions of the problem (4.1.1) with bound-

ary conditions.
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5.1 Introduction

This chapter deals with the study of existence and uniqueness

of solution of the following nonlinear system with initial conditions:

(D2qui)(t) = fi(t, u1, u2, D
qu1, D

qu2), t ∈ (0, T ] (5.1.1)

t1−qui(t)|t=0 = u0
i , t

1−q(Dqui)(t)|t=0 = u1
i , i = 1, 2. (5.1.2)

where 0 < T < ∞, u0
i , u

1
i are constants and fi ∈ C([0, T ] × R4), is

quasimonotone nondecreasing, Dq is the standard Riemann- Liou-

ville fractional derivative of order 0 < q ≤ 1. We organize the chap-

ter as follows. In section 5.2, preliminary definitions and some basic

results are considered. Some important lemmas and comparison re-

sults are also given. In section 5.3, we develop monotone technique

for system of IVP with Riemann-Liouville fractional derivative. Ex-

istence and uniqueness of solutions of the nonlinear system of IVP

are obtained.

5.2 Preliminaries

In this section, we deduce some preliminary results that will be

used in the next section to attain existence and uniqueness results for

the nonlinear system of initial value problem (5.1.1)- (5.1.2). Assume
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that J = [0, T ] ⊂ R is a compact interval and

fi(t, u1(t), u2(t), D
qu1(t), D

qu2(t)) ∈ C(J × R4, R),

is quasimonotone nondecreasing. Let

C([0, T ]) =
{
ui|ui(t) is continuous on [0, T ], ‖ui‖C = max

t∈[0, T ]
|ui(t)|

}
,

C1−q([0, T ]) =
{
ui ∈ C([0, T ]) : t1−qui(t) ∈ C([0, T ]),

|ui‖C1−q = ‖t1−qui(t)‖C
}
,

Cq
1−q([0, T ]) = {ui ∈ C1−q([0, T ]) : t1−qDqui(t) ∈ C([0, T ])}.

Definition 5.1. A function fi(t, u1(t), u2(t), D
qu1(t), D

qu2(t)) ∈

C(J × R4, R), i = 1, 2, J = [0, T ] is said to be quasimonotone non-

decreasing (nonincreasing) if for each i, ui ≤ vi and uj = vj, i 6= j,

then

fi(t, u1(t), u2(t), D
qu1, D

qu2) ≤ fi(t, v1(t), v2(t), D
qv1, D

qv2)

(fi(t, u1(t), u2(t), D
qu1, D

qu2) ≥ fi(t, v1(t), v2(t), D
qv1, D

qv2)) .

Definition 5.2. A function v0
i = (v0

1, v
0
2) ∈ Cq

1−q([0, T ]) is called a

lower solution of IVP(5.1.1)- (5.1.2) if it satisfies

(D2qv0
i )(t) ≤ fi(t, v1(t), v2(t), D

qv1(t), D
qv2(t)), t ∈ (0, T ]

t1−qv0
i (t)|t=0 ≤ v0

i , t
1−qDqv0

i (t)|t=0 ≤ v1
i .
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Definition 5.3. A function w0
i = (w0

1, w
0
2) ∈ Cq

1−q([0, T ]) is called a

upper solution of IVP(5.1.1)-(5.1.2), if it satisfies

(D2qw0
i )(t) ≥ fi(t, w1(t), w2(t), D

qw1(t), D
qw2(t)), t ∈ (0, T ]

t1−qw0
i (t)|t=0 ≥ w0

i , t
1−qDqw0

i (t)|t=0 ≥ w1
i .

Definition 5.4. The sector denoted by Ω is defined as

Ω =
[
v0
i , w

0
i

]
=
{
ui ∈ Cq

1−q([0, T ]) : v0
i ≤ ui ≤ w0

i , t ∈ [0, T ];

t1−qv0
i (t)|t=0 ≤ t1−qui(t)|t=0 ≤ t1−qw0

i (t)|t=0,

t1−qDqv0
i (t)|t=0 ≤ t1−qDqui(t)|t=0 ≤ t1−qDqw0

i (t)|t=0

}
.

Definition 5.5. Let fi : J × R4 → R be a real valued continuous

function. We say that fi(t, u1(t), u2(t), D
qu1(t), D

qu2(t)) satisfies one

sided Lipschitz condition, if there exist constants Mi, Ni ∈ R,

N 2
i > 4Mi, such that, for v0

i ≤ vi ≤ wi ≤ w0
i ,

fi(t, w1, . . . , D
qw2)− fi(t, v1, . . . , D

qv2) ≥ −Ni(D
qwi −Dqvi)−

Mi(wi − vi). (5.2.1)

Further to ensure the uniqueness of solution of IVP (5.1.1)− (5.1.2),

there exist Mi, Ni ∈ R, N 2
i > 4Mi, such that, for v0

i ≤ vi ≤ wi ≤ w0
i ,

fi(t, w1, . . . , D
qw2)− fi(t, v1, . . . , D

qv2) ≤ Ni(D
qwi −Dqvi)+
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Mi(wi − vi). (5.2.2)

From conditions (5.2.1) and (5.2.2), we conclude that the function

fi satisfies Lipschitz condition if there exists constants Ni, Mi ≥ 0,

N 2
i > 4Mi such that

|fi(t, w1, . . . , D
qw2)− fi(t, v1, . . . , D

qv2)| ≤ Ni|Dqwi −Dqvi|+

Mi|wi − vi|. (5.2.3)

Now, we consider the following result for the linear fractional initial

value problem to obtain existence and uniqueness results of solution

of the IVP (5.1.1)− (5.1.2).

Lemma 5.6. [71] Suppose that u(t) ∈ C1−q([0, T ]), then the linear

initial value problem

Dqu(t) +Mu(t) = σ(t), t1−qu(t)|t=0 = u0, t ∈ (0, T ],

where M ∈ R and σ(t) ∈ C1−q([0, T ]), has the following integral rep-

resentation of solution u(t) = Γ(q)u0eq(−Mt) + [eq(−Mx)∗σ(x)](t),

where (g ∗ f)(t) =

∫ t

0

g(t− x)f(x) dx, and

eq(λz) = zq−1Eq, q(λz
q) = zq−1

∞∑
k=0

λk
zqk

Γ((k + 1)q)
,
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where Eq, q =
∞∑
k=0

tk

Γ((k + 1)q)
, is Mittag-Leffler function of two pa-

rameter.

Lemma 5.7. [71] Suppose that u(t) ∈ Cq
1−q([0, T ]) then the linear

initial value problem

(D2qu)(t) +N(Dqu)(t) +Mu(t) = σ(t), t ∈ (0, T ]

t1−qu(t)|t=0 = u0, (5.2.4)

t1−qDqu(t)|t=0 = u1,

where M, N ∈ R are constants, N 2 > 4M and σ(t) ∈ C1−q([0, T ]),

has the following representation of solution

u(t) = Γ(q)u0eq(λ2t) + Γ(q)(u1 − λ2u0)[eq(λ2x) ∗ eq(λ1x)](t)

+ [eq(λ2x) ∗ eq(λ1x) ∗ σ(x)](t), (5.2.5)

where λ1 = −N+
√
N2−4M
2 , λ2 = −N−

√
N2−4M
2 ≤ 0.

Lemma 5.8. [71] The following result holds:

[eq(λ2x) ∗ eq(λ1x)](t) = [eq(λ1x) ∗ eq(λ2x)](t)

=
1

λ1 − λ2
[eq(λ1x)− eq(λ2x)](t).

Lemma 5.9 ( Comparison result). [71] If u(t) ∈ C1−q([0, T ]) and

satisfies the relation Dqu(t) + Mu(t) ≥ 0, t1−qu(t)|t=0 ≥ 0, t ∈

Dr. B. A. M. University, Aurangabad.(M.S.) Madhuri N.Gadsing



Chapter 5: Nonlinear System of IVP ... R-L Derivative 93

(0, T ], where, M ∈ R is constant. Then u(t) ≥ 0, t ∈ (0, T ].

Lemma 5.10 ( Comparison result). [71] If u(t) ∈ Cq
1−q([0, T ]) and

satisfies (D2qu)(t) +N(Dqu)(t) +Mu(t) = σ(t) ≥ 0, t ∈ (0, T ],

t1−qu(t)|t=0 = u0 ≥ 0, t1−qDqu(t)|t=0 = u1 ≥ 0, where, N, M ∈ R ,

N 2 > 4M are constants such that

λ1 =
−N +

√
N 2 − 4M

2
≥ 0 > λ2 =

−N −
√
N 2 − 4M

2
.

Then u(t) ≥ 0, t ∈ (0, T ].

5.3 Monotone Method

In this section, we prove the existence and uniqueness theorem of

solution for IVP (5.1.1)− (5.1.2).

Theorem 5.11. Assume that

(i) v0
i = (v0

1, v
0
2) and w0

i = (w0
1, w

0
2) in Cq

1−q([0, T ]) are ordered lower

and upper solutions of IVP (5.1.1)− (5.1.2) respectively.

(ii) fi ≡ fi(t, u1, u2, D
qu1, D

qu2) ∈ C(J × R4,R),J = [0, T ] satis-

fies one-sided Lipschitz condition, i = 1, 2.

(iii) fi ≡ fi(t, u1, u2, D
qu1, D

qu2) are quasi-monotone non-decreasing
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then there exist monotone sequences {vni (t)} and {wn
i (t)} such that

{vni } → vi(t), {wn
i } → wi(t) as n → ∞, where vi(t) and wi(t) are

minimal and maximal solutions on the ordered interval [v0
i , w

0
i ] of

IVP (5.1.1)− (5.1.2) and satisfy the monotone property

v0
i ≤ v1

i ≤ v2
i . . . ≤ vni ≤ vi ≤ wi ≤ wn

i ≤ . . . ≤ w1
i ≤ w0

i , i = 1, 2.

Proof. For any ηi(t) = (η1, η2) ∈ Ω. Consider the linear initial value

problem

(D2qui)(t) = fi(t, η1, η2, D
qη1, D

qη2) +Ni(D
qηi −Dqui) +Mi(ηi − ui)

= σ(ηi),

t1−qui(t)|t=0 = u0
i , t

1−q(Dqui)(t)|t=0 = u1
i , i = 1, 2. (5.3.1)

It is clear that, by Lemma 5.7 and (5.2.3), linear initial value problem

(5.3.1) has exactly one solution ui ∈ Cq
1−q([0, T ]) and whose integral

representation is as in (5.2.5). Now define

ui(t) = A[ηi, µ]

= Γ(q)u0
i eq(λ

i
2t) + Γ(q)(u1

i − λi2u0
i )[eq(λ

i
2x) ∗ eq(λi1x)](t)+

[eq(λ
i
2x) ∗ eq(λi1x) ∗ σ(ηi)(x)](t)
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where , λi1 =
−Ni+
√
N2
i −4Mi

2 ≥ 0 > λi2 =
−Ni−
√
N2
i −4Mi

2 . For each

ηi(t) = (η1, η2) and µi(t) = (µ1, µ2) in Ω such that

v0
i (0) ≤ ηi(t) ≤ µi(t) ≤ w0

i (0).

Define an operator A from [v0
i , w

0
i ] into Cq

1−q([0, T ]) and ηi is solution

of the IVP (5.1.1)-(5.1.2) if and only if ηi = A[ηi, µ] and µi is solution

of the IVP (5.1.1)-(5.1.2) if and only if µi = A[η, µi]. First we prove

that,

(a) v0
i ≤ A[v0

i , w
0
i ], w

0
i ≥ A[w0

i , v
0
i ],

(b) A possesses the monotone property on the segment Ω = [v0
i , w

0
i ].

To prove (a), set A[v0
i , w

0
i ] = v1

i (t) = (v1
1, v

1
2), where v1

i (t) is the

unique solution of system (5.3.1) and set pi(t) = v0
i (t) − v1

i (t) with

ηi = v0
i (t). Observe that

D2qpi(t) = D2qv0
i (t)−D2qv1

i (t)

≤ fi(t, v
0
1, v

0
2, D

qv0
1, D

qv0
2)− fi(t, v0

1, v
0
2, D

qv0
1, D

qv0
2)

−Ni(D
qv0
i −Dqv1

i )−Mi(v
0
i − v1

i ),

= −Ni(D
qv0
i −Dqv1

i )−Mi(v
0
i − v1

i )

= −Ni(D
qpi)(t)−Mi(pi)(t)

Thus D2qpi(t) ≤ −Ni(D
qpi)(t)−Mi(pi)(t),
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and

t1−qpi(t)|t=0 = t1−qv0
i (t)|t=0 − t1−qv1

i (t)|t=0 ≤ 0,

t1−q(Dqpi)(t)|t=0 = t1−q(Dqv0
i )(t)|t=0 − t1−q(Dqv1)i(t)|t=0 ≤ 0.

By Lemma 5.10, we have

pi(t) ≤ 0⇒ v0
i (t)− v1

i (t) ≤ 0

⇒ v0
i (t) ≤ v1

i (t) = A[v0
i , w

0
i ]

To prove that w0
i ≥ A[w0

i , v
0
i ], set, A[w0

i , v
0
i ] = w1

i = (w1
1, w

1
2) is

the unique solution of system (5.3.1). Set pi(t) = w0
i − w1

i with

ηi = w0
i (t).

D2qpi(t) = D2qw0
i (t)−D2qw1

i (t)

≥ fi(t, w
0
1, w

0
2, D

qw0
1, D

qw0
2)−Ni(D

qw0
i −Dqw1

i )

− fi(t, w0
1, w

0
2, D

qw0
1, D

qw0
2)−Mi(w

0
i − w1

i )

= −Ni(D
qw0

i −Dqw1
i )−Mi(w

0
i − w1

i )

Thus D2qpi(t) ≥ −Ni(D
qpi)−Mi(pi)

t1−qpi(t)|t=0 = t1−qw0
i (t)|t=0 − t1−qw1

i (t)|t=0 ≥ 0,

t1−q(Dqpi)(t)|t=0 = t1−q(Dqw0
i )(t)|t=0 − t1−q(Dqw1)i(t)|t=0 ≥ 0.

Dr. B. A. M. University, Aurangabad.(M.S.) Madhuri N.Gadsing



Chapter 5: Nonlinear System of IVP ... R-L Derivative 97

Then by Lemma 5.10,

pi(t) ≥ 0⇒ w0
i (t)− w1

i (t) ≥ 0⇒ w0
i (t) ≥ w1

i (t) = A[w0
i , v

0
i ].

Now to prove (b), if v0
i ≤ ηi ≤ µi ≤ w0

i , then prove A[ηi, µ] ≤ A[η, µi]

where A[ηi, µ] = ui = (u1
i , u

2
i ) and A[η, µi] = vi = (v1

i , v
2
i ). Consider

pi(t) = ui(t)− vi(t) then observe that,

(D2qpi)(t) = (D2qui)(t)− (D2qvi)(t)

= fi(t, η1, η2, D
qη1, D

qη2)− fi(t, µ1, µ2, D
qµ1, D

qµ2)+

Ni(D
qηi −Dqui) +Mi(ηi − ui)−

Ni(D
qµi −Dqvi)−Mi(µi − vi)

≤ Ni(D
qµi −Dqηi) +Mi(µi − ηi) +Ni(D

qηi −Dqui)+

Mi(ηi − ui)−Ni(D
qµi −Dqvi)−Mi(µi − vi)

= Ni(D
qvi −Dqui) +Mi(vi − ui)

Thus (D2qpi)(t) ≤ −Ni(D
qpi)(t)−Mi(pi)(t)

t1−qpi(t)|t=0 = t1−qui(t)|t=0 − t1−qvi(t)|t=0 = u0
i − v0

i ≤ 0,

t1−q(Dqpi)(t)|t=0 = t1−q(Dqui)(t)|t=0 − t1−q(Dqvi)(t)|t=0 = u1
i − v1

i ≤ 0.

By Lemma 5.10, pi(t) ≤ 0 ⇒ ui(t) ≤ vi(t). Hence, A[ηi, µ] ≤

A[η, µi]. Thus the operator A possesses the monotone property on

Ω = [v0
i , w

0
i ]. Define the sequences {vni (t)} and {wn

i (t)} by

Dr. B. A. M. University, Aurangabad.(M.S.) Madhuri N.Gadsing



Chapter 5: Nonlinear System of IVP ... R-L Derivative 98

vni = A[vn−1
i , wn−1

i ] and wn
i = A[wn−1

i , vn−1
i ]. Then, we obtain,

v0
i ≤ v1

i ≤ v2
i . . . ≤ vni ≤ vi ≤ wi ≤ wn

i ≤ . . . ≤ w1
i ≤ w0

i .

Let Pi = {vni : n ∈ N}, Qi = {wn
i : n ∈ N}. We show that the set Pi,

Qi are relatively compact in Cq
1−q([0, T ]). For any ηi(t) ∈ Ω and by

definition of lower and upper solution and Lipschitz condition, we

have

(D2qv0
i )(t) +Ni(D

qv0
i )(t) +Miv

0
i (t) ≤ fi(t, v

0
1, v

0
2, D

qv0
1, D

qv0
2)+

Ni(D
qv0
i )(t) +Mi(v

0
i )(t)

≤ fi(t, η1, η2, D
qη1, D

qη2) +Ni(D
qηi)(t) +Mi(ηi)(t)

≤ fi(t , w
0
1, w

0
2, D

qw0
1, D

qw0
2) +Ni(D

qw0
i )(t) +Mi(w

0
i )(t)

≤ (D2qw0
i )(t) +Ni(D

qw0
i )(t) +Miw

0
i (t).

Let Pi, Ω in Cq
1−q([0, T ]) be bounded sets. Furthermore

σi(ηi(t)) = fi(t, η1, η2, D
qη1, D

qη2) +Ni(D
qηi)(t) +Mi(ηi)(t) : ηi ∈ Ω

is also bounded set. Hence, there exist a constant Li > 0 such that

||σi(vni )(t)|| = max
0≤t≤T

|t1−qσi(vni )(t)| ≤ Li

⇔ |σi(vni )(t)| ≤ Lit
1−q, t ∈ (0, T ]. (5.3.2)
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On the other hand {vni : n ∈ N} satisfy

vni = Γ(q)u0eq(λ
i
2t) + Γ(q)(ui1 − λi2ui0)[eq(λi2x) ∗ eq(λi1x)](t)

+ [eq(λ
i
2x) ∗ eq(λi1x) ∗ σ(vn−1

i )](t). (5.3.3)

Let G(λij, t) = t1−q[eq(λ
i
jt) ∗ σ(vn−1

i )](t)], t ∈ (0, T ]. Without loss of

generality, assume that 0 ≤ t1 ≤ t2 ≤ T . Since λi2 < 0 ≤ λi1, we have

|G(λi2, t1)−G(λi2, t2)| ≤
LiΓ(q)

|λi1|
|Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2)|+

2LiΓ(q)

Γ(2q)
(t2 − t1)q, (5.3.4)

|G(λi1, t1)−G(λi1, t2)| ≤ (
LiΓ(q)

|λi1|
+
LiT

q

q
)|Eq,q(λ

i
1t
q
1)− Eq,q(λ

i
1t
q
2)|

+
2LiΓ(q)

Γ(2q)
Eq,q(λ

i
1T

q)(t2 − t1)q. (5.3.5)

From Eq,q(t) ∈ C([0, T ]) and ∀ε > 0 ∃ δ = δ(ε), when |t2 − t1| < δ ,

we have

|Eq,q(λ
i
1t
q
1)− Eq,q(λ

i
1t
q
2)| <

ε

6L1
i

, (5.3.6)

|Eq,q(λ
i
2t
q
1)− Eq,q(λ

i
2t
q
2)| <

ε

6L2
i

, (5.3.7)
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(t2 − t1)q <
ε

6L3
i

, (5.3.8)

where

L1
i = max

{
Γ(q)|(u1

i − λi2u0
i )λ

i
1|

|λi1 − λi2|
,

Li
|λi1 − λi2||λi1|

[Γ2(q) +
|λi1|T q

q
]

}
,

L2
i = max

{
Γ(q)|u0

i |,
Γ(q)|(u1

i − λi2u0
i )λ

i
1|

|λi1 − λi2|
,

Li
|λi1 − λi2||λi1|

[Γ2(q) +
|λi1|T q

q
]

}
,

L3
i =

2LiΓ(q)

Γ(2q)|λi1 − λi2|
[1 + Eq,q(λ

i
1T

q)].

Using (5.3.4) to (5.3.8), we obtain

|t1−q1 vni (t1)− t1−q2 vni (t2)| =
∣∣∣∣Γ(q)u0

i

[
t1−q1 eq(λ

i
2t1)− t

1−q
2 eq(λ

i
2t2)
]

+ Γ(q)(u1
i − λi2u0

i )

[
t1−q1 eq(λ

i
2t1) ∗ eq(λi1t1)−

t1−q2 eq(λ
i
2t2) ∗ eq(λi1t2)

]
+

[
t1−q1 eq(λ

i
2t1) ∗ eq(λi1t1) ∗ σ(vn−1

i )(t1)

− t1−q2 eq(λ
i
2t2) ∗ eq(λi1t2) ∗ σ(vn−1

i )(t2)

]∣∣∣∣
=

∣∣∣∣Γ(q)u0
i [Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2)]

+
Γ(q)(u1

i − λi2u0
i )

λi1 − λi2

[
(Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2))+

(Eq,q(λ
i
1t
q
1)− Eq,q(λ

i
1t
q
2))

]
+

1

λi1 − λi2

{
[t1−q1 eq(λ

i
2t1) ∗ σ(vn−1

i )(t1)−
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t1−q2 eq(λ
i
2t2) ∗ σ(vn−1

i )(t2)]

+ [t1−q2 eq(λ
i
1t2) ∗ σ(vn−1

i )(t2)− t1−q1 eq(λ
i
1t1) ∗ σ(vn−1

i )(t1)]

}∣∣∣∣,
≤ Γ(q)

∣∣u0
i

∣∣ |Eq,q(λ
i
2t
q
1)− Eq,q(λ

i
2t
q
2)|

+
Γ(q)|u1

i − λi2u0
i |

|λi1 − λi2|

[
|(Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2))|+

|(Eq,q(λ
i
1t
q
1)− Eq,q(λ

i
1t
q
2)|
]

+
1

|λi1 − λi2|
|t1−q1 eq(λ

i
2t1) ∗ σ(vn−1

i )(t1)−

t1−q2 eq(λ
i
2t2) ∗ σ(vn−1

i )(t2)|

+
1

|λi1 − λi2|
|t1−q1 eq(λ

i
1t1) ∗ σ(vn−1

i )(t1)−

t1−q2 eq(λ
i
1t2) ∗ σ(vn−1

i )(t2)]|,

≤ Γ(q)|u0
i |
[
|Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2)|
]

+
Γ(q)|u1

i − λi2u0
i |

|λi1 − λi2|

[
|(Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2))|+

|(Eq,q(λ
i
1t
q
1)− Eq,q(λ

i
1t
q
2)|
]

+
LiΓ(q)

|λi1 − λi2||λi1|

[
|Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2)|+

2LiΓ(q)

Γ(2q)|λi1 − λi2|
(t2 − t1)q

]
+

1

|λi1 − λi2|

[
LiΓ(q)

|λi1|
+
LiT

q

q

] [
|Eq,q(λ

i
1t
q
1)− Eq,q(λ

i
1t
q
2)|
]

+
2LiΓ(q)

Γ(2q)|λi1 − λi2|
Eq,q(λ

i
1T

q)(t2 − t1)q,
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≤ Γ(q)|u0
i |
[
|Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2)|
]

+

Γ(q)|u1
i − λi2u0

i |
|λi1 − λi2|

[
|(Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2))|+

|Eq,q(λ
i
1t
q
1)− Eq,q(λ

i
1t
q
2)|
]

+
LiΓ(q)

|λi1 − λi2||λi1|

[
Γ(q) + (Γ(q) +

λi1T
q

q
)

]
[
|Eq,q(λ

i
2t
q
1)− Eq,q(λ

i
2t
q
2)|+ |Eq,q(λ

i
1t
q
1)− Eq,q(λ

i
1t
q
2)|
]

+
2LiΓ(q)

Γ(2q)|λi1 − λi2|
[
1 + Eq,q(λ

i
1T

q)
]

(t2 − t1)q,

< ε.

Thus Pi is equi-continuous. Then by Ascoli- Arzela theorem, we con-

clude that Pi is relatively compact set of Cq
1−q([0, T ]). Similarly we

can show that Qi is relatively compact set of Cq
1−q([0, T ]). Therefore

the sequences {vni (t)},{wn
i (t)} converges uniformly to vi(t), wi(t) re-

spectively on [0, T ]. Then we have point-wise limits

lim
n→∞

vni (t) = vi(t), lim
n→∞

wn
i (t) = wi(t),

lim
n→∞

Dqvni (t) = Dqvi(t), lim
n→∞

Dqwn
i (t) = Dqwi(t) t ∈ (0, T ].

Thus by relations (v0
i ≤ v1

i ≤ v2
i ≤ . . .), it follows that vi(t) and wi(t)

satisfy the following monotone property

v0
i ≤ v1

i ≤ . . . ≤ vni ≤ vi ≤ wi ≤ wn
i ≤ . . . ≤ w1

i ≤ w0
i ,

Dqv0
i ≤ Dqv1

i ≤ . . . ≤ Dqvni ≤ . . . ≤ Dqwn
i ≤ . . . ≤ Dqw1

i ≤ Dqw0
i .
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Now, we prove that vi(t), wi(t) are respectively minimal and maximal

solutions of initial value problem (5.1.1)− (5.1.2). Since fi(i = 1, 2)

is continuous then clearly the function σ(ηi(t)) is continuous and

monotone nondecreasing in vi(t) implies that {σ(vni (t))} converges

to σ(vi)(t), t ∈ (0, T ]. Taking limit as n → ∞ of {vni (t)} and using

dominated convergence theorem, vi(t) satisfies the integral equation

vi(t) = Γ(q)u0
i eq(λ

i
2t) + Γ(q)(u1

i − λi2u0
i )
[
eq(λ

i
2x) ∗ eq(λi1x)

]
(t)+[

eq(λ
i
2x ∗ eq(λi1x)σ(vi)(x)

]
(t).

Thus vi(t) is an integral representation of the solution of IVP (5.1.1)−

(5.1.2). By the assumption of the function fi(i = 1, 2) and Lemma

5.7, it follows that vi(t) is a classical solution of IVP (5.1.1)−(5.1.2).

This proves that the lower sequence {vni (t)} converges to a solution

vi(t) of IVP (5.1.1)− (5.1.2). Similarly, we can prove that the upper

sequence {wn
i (t)} converges to a solution wi(t) of IVP (5.1.1)−(5.1.2)

and satisfies the relation vi(t) ≤ wi(t), i = 1, 2, t ∈ (0, T ]. It follows

that v0
i ≤ v1

i ≤ . . . ≤ vni ≤ vi ≤ wi ≤ wn
i ≤ . . . ≤ w1

i ≤ w0
i , holds

as well as vi(t) and wi(t) are minimal and maximal solution of IVP

(5.1.1)− (5.1.2) in the sector Ω.

Now we prove uniqueness of solution of the IVP (5.1.1)− (5.1.2) in

the following:
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Theorem 5.12. Assume that

(i) v0
i and w0

i in Cq
1−q are ordered lower and upper solutions of IVP

(5.1.1)− (5.1.2),

(ii) fi(t, u1, u2, D
qu1, D

qu1) ∈ C(J×R4,R) is quasimonotone non-

decreasing,

(iii) fi(t, u1, u2, D
qu1, D

qu1) satisfies both sided Lipschitz condition.

Then the IVP (5.1.1)− (5.1.2) has unique solution in the sector Ω.

Proof. Observe that

−Ni(D
qui −Dqu∗i )−Mi(ui − u∗i ) ≤ fi(t, u1, u2, D

qu1, D
qu2)−

fi(t, u
∗
1, u

∗
2, D

qu∗1, D
qu∗2)

≤ Ni(D
qui −Dqu∗i ) +Mi(ui − u∗i )

for v0
i ≤ u∗i ≤ ui ≤ w0

i which follows from (5.2.3). Then the Theorem

5.11 implies that the initial value problem (5.1.1)−(5.1.2) has unique

solution in sector [v0
i , w

0
i ].

5.4 Conclusion

1. Starting with lower and upper solutions v0(t) and w0(t) as initial

iterations of the problem (5.1.1)− (5.1.2) when the function on
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the right is quasi monotone nondecreasing, the two monotone

convergent sequences {vn(t)} and {wn(t)} are constructed.

2. Monotone iterative technique with lower and upper solutions is

developed for the nonlinear system (5.1.1) − (5.1.2) involving

Riemann -Liouville fractional derivative.

3. Monotone iterative technique is applied successfully to prove the

existence and uniqueness of solutions of the problem (5.1.1) −

(5.1.2) with initial conditions.
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6.1 Introduction

In 2020, Derbazi et al. [20] developed monotone iterative technique

to study the existence and uniqueness of solution for initial value

problem [IVP]of nonlinear fractional differential equations including

ψ-Caputo derivative. In chapter 4, we studied qualitative properties

of solutions of nonlinear boundary value problem involving ψ-Caputo

fractional derivative.

Motivated by their works, we consider in this chapter, the following

system of nonlinear ψ-Caputo fractional differential equations with

initial conditions

cDµ,ψ
p+ wi(r) = Fi(r, w1(r), w2(r)), r ∈J = [p, q], (6.1.1)

wi(p) = c∗i ,

where cDµ,ψ
p+ is ψ−Caputo fractional derivative of order µ, 0 < µ ≤ 1,

Fi ∈ C(J×R2,R), c∗i ∈ R, i = 1, 2. We develop monotone technique

and prove the existence and uniqueness of solution of system (6.1.1).

The rest of the chapter is organized as follows: In section 6.2, basic

definitions and useful lemmas are given. In section 6.3, lower-upper

solutions of IVP for ψ-Caputo fractional differential equation are in-

troduced. Monotone technique is developed and successfully applied
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to obtain existence and uniqueness of solution of nonlinear system

(6.1.1).

6.2 Preliminaries

In this section, we deduce some preliminary results required

in the next section to attain existence and uniqueness results for

nonlinear system (6.1.1) involving ψ-Caputo fractional derivative.

Let J = [p, q], where 0 ≤ p < q < ∞, be a finite interval and ψ :

J → R is an increasing differentiable function such that ψ′(r) 6= 0,

for all r ∈J .

Definition 6.1. A pair of functions y0 = (y0
1, y

0
2) and z0 = (z0

1, z
0
2) in

C(J , R) with (y0
1, y

0
2) ≤ (z0

1, z
0
2) are called ordered lower and upper

solutions of system (6.1.1) if

cDµ,ψ
p+ y

0
i (r) ≤ Fi(r, y

0
1(r), y0

2(r)), y0
i (p) ≤ c∗i ,

and cDµ,ψ
p+ z

0
i (r) ≥ Fi(r, z

0
1(r), z0

2(r)), z0
i (p) ≥ c∗i .

Define the sector:

Ω =
〈
y0, z0

〉
=
{
wi ∈ C(J , R) : y0 ≤ (w1, w2) ≤ z0, r ∈J

}
.
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Definition 6.2. A function Fi(r, w1(r), w2(r)) ∈ C(J × R2,R),

i, j = 1, 2 is said to be quasi-monotone non-decreasing if for each i,

wi ≤ xi and wj = xj, i 6= j, then Fi(r, w1(r), w2(r)) ≤ Fi(r, x1(r), x2(r)).

Definition 6.3. Let Fi : J × R2 → R be a real valued continuous

function. We say that Fi(r, w1(r), w2(r)) satisfies one sided Lipschitz

condition, if there exist mi ∈ R such that

Fi(r, w1(r), w2(r))− Fi(r, x1(r), x2(r)) ≥ −mi(wi(r)− xi(r))

(6.2.1)

y0 ≤ xi ≤ wi ≤ z0, i = 1, 2.

Now consider the following lemmas, which play very important role

in further development.

Lemma 6.4. [20] The initial value problem for ψ-Caputo fractional

differential equation

cDµ,ψ
p+ w(r) + Pw(r) = F (r), r ∈J ,

w(p) = c∗,

has unique solution

w(r) = c∗Eµ,1(−P (ψ(r)− ψ(p))µ)+∫ r

p

ψ′(s)[ψ(r)− ψ(s)]µ−1Eµ,µ(−P (ψ(r)− ψ(p))µ)F (s) ds,
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and Eµ,ν(.) is the two-parameter Mittag-Leffler function.

Lemma 6.5. (Comparison Result). [20] Let µ ∈ (0, 1] and P ∈ R.

If w ∈ C(J ,R) satisfies the following inequalities

cDµ,ψ
p+ w(r) ≥ −Pw(r), r ∈J ,

w(p) ≥ 0,

then w(r) ≥ 0 for all r ∈J .

6.3 Main Results

In this section, we develop monotone iterative technique for the non-

linear system (6.1.1) and we prove the existence of solution for non-

linear system (6.1.1).

Theorem 6.6. Assume that,

(i) y0 = (y0
1, y

0
2) and z0 = (z0

1, z
0
2) in C(J ,R) are ordered lower

and upper solutions of system (6.1.1) respectively,

(ii) Fi(r, w1, w2) ∈ C(J ×R2,R), i = 1, 2, satisfies one-sided Lip-

schitz condition (6.2.1),

(iii) Fi(r, w1, w2), i = 1, 2 is quasi-monotone non-decreasing,
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then there exist monotone sequences {yni } = {yn1 , yn2} and {zni } =

{zn1 , zn2} such that,

{yni } → yi(r) = (y1(r), y2(r)), {zni } → zi(r) = (z1(r), z2(r)), as n→∞

where yi(r) and zi(r)are minimal and maximal solution of nonlinear

system (6.1.1) and satisfy the monotone property

y0
i ≤ y1

i ≤ y2
i ≤ . . . ≤ yni ≤ zni ≤ . . . ≤ z1

i ≤ z0
i , i = 1, 2.

Proof. For any η(r) = (η1, η2) ∈ Ω such that y0
1 ≤ η1, y

0
2 ≤ η2 on J ,

where y0
i ≤ ηi ≤ z0

i .

We consider the system of linear fractional initial value problem

cDµ,ψ
p+ w

1
i (r) = Fi(r, η1, η2)−mi(w

1
i − ηi),

w1
i (p) = c∗i . (6.3.1)

Then by Lemma 6.4, linear problem (6.3.1) have unique solution

w1(r) = (w1
1(r), w1

2(r)) on J . For each η(r) and µ(r) in C(J ,R)

satisfying y0
i (r) ≤ ηi(r) and y0

i (r) ≤ µi(r),

define an operator A by A[η, µ] = w1(r). Now, we prove the follow-

ing:

[D1] y
0 ≤ A[y0, z0] and z0 ≥ A[z0, y0],
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[D2] A possesses the monotone property on the sector Ω.

To prove [D1], set A[y0, z0] = y1(r), where y1(r) = (y1
1, y

1
2) is unique

solutions of linear fractional initial value problem (6.3.1) with ηi(r) =

y0
i (r). Setting qi(r) = y0

i (r)− y1
i (r) , we see that

cDµ,ψ
p+ qi(r) = cDµ,ψ

p+ y
0
i − cDµ,ψ

p+ y
1
i ,

≤ Fi(r, y
0
1, y

0
2)− Fi(r, y0

1, y
0
2) +mi(y

1
i − y0

i ),

= −miqi(r),

∴ cDµ,ψ
p+ qi(r) ≤ −miqi(r),

and qi(p) = y0
i (p)− y1

i (p) ≤ c∗i − c∗i = 0.

By Lemma 6.5 qi(r) ≤ 0⇒ y0
i (r) ≤ y1

i (r),

which implies y0
i ≤ A[y0, z0]. Note that y1

i is unique solution of IVP

(6.3.1) respectively.

Set A[z0, y0] = z1(r), where z1(r) = (z1
1, z

1
2) is unique solution of

system of linear fractional IVP (6.3.1) with µi(r) = z0
i (r). Setting

qi(r) = z0
i (r)− z1

i (r) , then we see that

cDµ,ψ
p+ qi(r) = cDµ,ψ

p+ z
0
i − cDµ,ψ

p+ z
1
i ,

≥ Fi(r, z
0
1, z

0
2)− Fi(r, z0

1, z
0
2) +mi(z

1
i − z0

i )

= −miqi(r)
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and qi(p) = z0
i (p)− z1

i (p)

≥ c∗i − c∗i = 0.

By Lemma 6.5 qi(r) ≥ 0⇒ z0
i (r) ≥ z1

i (r),

which implies z0
i ≥ A[z0, y0]. Note that z1

i is unique solution of IVP

(6.3.1) respectively. This proves [D1].

To prove [D2], let η(r) = (η1, η2), β(r) = (β1, β2) and µ(r) = (µ1, µ2)

in Ω with η(r) ≤ β(r).

Suppose that, A[η, µ] = y1
i (r) and A[β, µ] = z1

i (r). Set qi(r) =

y1
i (r)− z1

i (r), we observe that

cDµ,ψ
p+ qi(r) = cDµ,ψ

p+ y
1
i − cDµ,ψ

p+ z
1
i ,

= Fi(r, η1, η2)− Fi(r, µ1, µ2) +mi(ηi − y1
i )−

mi(µi − z1
i ),

≤ mi(µi − ηi) +mi(ηi − y1
i )−mi(µi − z1

i ),

= −mi(y
1
i − z1

i )

= −miqi(r),

and qi(p) = y1
i (c)− z1

i (p) = c∗i − c∗i = 0.

By Lemma 6.5, qi(r) ≤ 0⇒ y1
i (r) ≤ z1

i (r).

Hence A[η, µ] ≤ A[β, µ]. Similarly, we can prove that A[η, ν] ≤
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A[η, µ]. Thus the operator A possesses monotone property on Ω.

Now in view of [D1] and [D2], define the sequences yni (r) = A[yn−1
i , zn−1

i ],

zni (r) = A[zn−1
i , yn−1

i ] on Ω by

cDµ,ψ
p+ y

n
i (r) = Fi(r, y

n−1
1 , yn−1

2 )−mi

(
yni − yn−1

i

)
, yni (p) = c∗i ,

cDµ,ψ
p+ z

n
i (r) = Fi(r, z

n−1
1 , zn−1

2 )−mi

(
zni − zn−1

i

)
, zni (p) = c∗i .

From [D1], we have y0
i (r) ≤ y1

i (r), z
0
i (r) ≥ z1

i (r).

Now assume that yk−1
i (r) ≤ yki (r), zk−1

i (r) ≥ zki (r) and we claim that

yki (r) ≤ yk+1
i (r), zki (r) ≥ zk+1

i (r) and yki (r) ≤ zki (r). To prove this,

set qi(r) = yki (r)− yk+1

i (r), and observe that

cDµ,ψ
p+ qi(r) = cDµ,ψ

p+ y
k
i − cDµ,ψ

p+ y
k+1
i ,

= Fi(r, y
k−1
1 , yk−1

2 )−mi

(
yki − yk−1

i

)
−

Fi(r, y
k
1 , y

k
2) +mi

(
yk+1
i − yki

)
,

≤ mi

(
yki − yk−1

i

)
−mi

(
yki − yk−1

i

)
+

mi

(
yk+1
i − yki

)
,

= −mi(y
k
i (r)− yk+1

i (r))

= −miqi(r),

and qi(p) = yki (c)− yk+1

i (p) = c∗i − c∗i = 0.

By Lemma 6.5, qi(r) ≤ 0⇒ yki (r) ≤ yk+1
i (r).
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Similarly, set qi(r) = zk+1
i (r)− zki (r), we observe that

cDµ,ψ
p+ qi(r) = cDµ,ψ

p+ z
k+1
i − cDµ,ψ

p+ z
k
i ,

= Fi(r, z
k
1 , z

k
2 )−mi

(
zk+1
i − zki

)
−

Fi(r, z
k−1
1 , zk−1

2 ) +mi

(
zki − zk−1

i

)
,

≤ mi

(
zk−1
i − zki

)
−mi

(
zk+1
i − zki

)
+

mi

(
zki − zk−1

i

)
,

= −mi(z
k+1
i − zki )

= −miqi(r),

and qi(p) = zk+1
i (p)− zki (p) = c∗i − c∗i = 0.

By Lemma 6.5, qi(r) ≤ 0⇒ zk+1
i (r) ≤ z

k

i (r).

Similarly prove that, yki (r) ≤ zki (r). Thus from mathematical induc-

tion principle, we obtain

y0
i ≤ y1

i ≤ y2
i ≤ . . . ≤ yni ≤ zni ≤ zn−1

i ≤ . . . ≤ z1
i ≤ z0

i , i = 1, 2.

Thus the sequences {yni (r)} is monotone nondecreasing and bounded

above and {zni (r)} is monotone nonincreasing and bounded below.

Hence pointwise limit exists and are given by

lim
n→∞

yni (r) = yi(r) and lim
n→∞

zni (r) = zi(r),
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uniformly on r ∈J .

Using corresponding fractional Volterra integral equations

yni (r) = c∗iEµ,1(−m(ψ(r)− ψ(p))µ)

+

∫ r

c

ψ′(s)[ψ(r)− ψ(s)]µ−1Eµ,µ(−m(ψ(r)− ψ(s))µ

[f(s, xn(s)) +mxn(s)] ds,

zni (r) = c∗iEµ,µ(−m(ψ(r)− ψ(p))µ)

+

∫ r

p

ψ′(s)[ψ(r)− ψ(s)]µ−1Eµ,µ(−m(ψ(r)− ψ(s))µ)

[f(s, yn(s)) +myn(s)] ds,

it follows that y(r) and z(r) are the solutions of system (6.3.1).

Finally we claim that y(r) and z(r) are the minimal and maximal so-

lutions of system (6.3.1). Let x(r) be any solution of (6.1.1) different

from y(r) and z(r), so that there exists k such that yik ≤ xi(r) ≤ zik

on J . To prove yk+1
i ≤ xi(r) ≤ zk+1

i , set qi(r) = xi(r)− yk+1
i (r), we

observe that

cDµ,ψ
p+ qi(r) = cDµ,ψ

p+ xi −
cDµ,ψ

p+ y
k+1
i ,

= Fi(r, x1, x2)− Fi(r, yk1 , yk2)−mi

(
yk+1
i − yki

)
,

≥ −mi

(
xi − yki

)
= −miqi(r),

and qi(p) = yk+1
i (p)− xi(p) = c∗i − c∗i = 0.
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By Lemma 6.5, qi(r) ≥ 0⇒ yk+1
i (r) ≤ xi(r).

Since y0
i (r) ≤ xi(r) on J , then by induction principle, it follows

that yki (r) ≤ xi(r) for all k. Similarly, prove that xi(r) ≤ zki (r) on

J for all k. Thus yni (r) ≤ xi(r) ≤ zni (r) on J . Taking limit as

n→∞, it follows that yi(r) ≤ xi(r) ≤ zi(r).

The uniqueness of solution of the system (6.1.1) is proved in the

following theorem

Theorem 6.7. Assume that,

(i) y0 = (y0
1, y

0
2) and z0 = (z0

1, z
0
2) in C(J ,R) are ordered lower

and upper solutions of IVP (6.1.1) respectively,

(ii) function Fi(r, w1, w2) ∈ C(J × R2,R), i = 1, 2, satisfies Lips-

chitz condition, if there exist mi ∈ R such that

|Fi(r, w1(r), w2(r))− Fi(r, x1(r), x2(r))| ≤ −mi |wi(r)− xi(r)|

(6.3.2)

y0 ≤ xi ≤ wi ≤ z0, i = 1, 2.

(iii) Fi(r, w1, w2), i = 1, 2 is quasi-monotone non-decreasing,

Then the nonlinear system (6.1.1) has unique solution in the order

interval.
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Proof. Since yi(r) ≤ zi(r). We need to prove yi(r) ≥ zi(r). Setting

qi(r) = zi(r)− yi(r), and

cDµ,ψ
p+ qi(r) = cDµ,ψ

p+ zi −
cDµ,ψ

p+ yi,

= Fi(r, z1, z2)− Fi(r, y1, y2),

≤ −mi (zi − yi)

= −miqi(r),

and qi(p) = zi(p)− yi(p) = c∗i − c∗i = 0.

By Lemma 6.5, qi(r) ≤ 0⇒ yi(r) ≥ zi(r).

Hence yi(r) = zi(r) is the unique solution of system (6.1.1) in the

order interval.

6.4 Conclusion

1. Starting with lower and upper solutions y0(r) and z0(r) as initial

iterations of the problem (6.1.1), the two convergent sequences

{yn(r)} and {zn(r)} are constructed.

2. Monotone technique coupled with lower and upper solutions is

developed for the problem (6.1.1) involving ψ-Caputo fractional

derivative.
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3. Developed monotone technique is successfully applied to prove

the existence of minimal and maximal solutions of the problem

(6.1.1) with initial conditions.

4. Uniqueness of solution of the problem (6.1.1) is also proved using

developed technique.
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7.1 Introduction

In this chapter, we consider the existence results for follow-

ing nonlinear system of boundary value problem involving ψ-Caputo

fractional derivative and we establish a comparison result. As an

application monotone iterative technique coupled with method of

lower-upper solutions, we prove existence and uniqueness of solution

of the boundary value problem.

cDµ,ψ
p+ w(r) = F (r, w(r), z(r)),

cDµ,ψ
p+ z(r) = G(r, z(r), w(r)), r ∈J = [p, q],

w(p) = c∗1, z(p) = c∗2, w(q) = d∗1, z(q) = d∗2,

(7.1.1)

where cDµ,ψ
p+ is the ψ−Caputo fractional derivative of order µ,

0 < µ ≤ 1, F,G ∈ C(J × R× R,R), c∗i , d
∗
i ∈ R, i = 1, 2 and

c∗1 ≤ c∗2, d
∗
1 ≤ d∗2.

7.2 Preliminaries

In this section, we consider some preliminary results required

in the next section to obtain existence and uniqueness results for

nonlinear boundary value problems (7.1.1) involving ψ-Caputo frac-

tional derivative. Let J = [p, q], where 0 ≤ p < q < ∞, be a finite
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interval and ψ : J → R is an increasing differentiable function such

that ψ′(r) 6= 0,for all r ∈J .

Lemma 7.1 (A particular Case of Lemma 4.6). The linear boundary

value problem for ψ-Caputo fractional differential equation

cDµ,ψ
p+ w(r) + Pw(r) = F (r), r ∈J ,

w(p) = c∗, w(q) = d∗,

(7.2.1)

has unique solution

w(r) = c∗Eµ,1(−P (ψ(r)− ψ(p))µ) + θEµ,1(−P (ψ(r)− ψ(p))µ)

+

∫ r

0

ψ′(s)[ψ(r)− ψ(s)]µ−1Eµ,µ(−P (ψ(r)− ψ(p))µ)F (s) ds,

(7.2.2)

where θ = d∗ +
[F (p)− Pw(p)][ψ(q)− ψ(p)]µ

Γ(µ+ 1)

− 1

Γ(µ)

∫ q

p

ψ′(s)[ψ(q)− ψ(s)]µ−1[F (s)− Pw(s)] ds,

and Eµ,ν(.) is the two-parameter Mittag-Leffler function [30].

Lemma 7.2. The linear boundary value problem for ψ-Caputo frac-

tional differential equation

cDµ,ψ
p+ w(r) = F1(r)− Pw(r)−Qz(r), r ∈J ,

cDµ,ψ
p+ z(r) = F2(r)− Pz(r)−Qw(r), r ∈J ,

w(p) = c∗1, z(p) = c∗2, w(q) = d∗1, z(q) = d∗2,

(7.2.3)
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has unique system of solutions in C(J ,R).

Proof. The proof follows from the fact that the pair (w, z) is a solu-

tion of problem (7.2.3) if and only if x(r) = w(r) + z(r),

y(r) = w(r)− z(r) for all r ∈J , where x, y are the solutions of the

problem:

cDµ,ψ
p+ x(r) = cDµ,ψ

p+ w(r) + cDµ,ψ
p+ z(r),

= (F1 + F2)(r)− (P +Q) [w(r) + z(r)] ,

= (F1 + F2)(r)− (P +Q) [x(r)] , (7.2.4)

x(p) = w(p) + z(p) = c∗1 + c∗2,

x(q) = w(q) + z(q) = d∗1 + d∗2

cDµ,ψ
p+ y(r) = cDµ,ψ

c+ w(r)− cDµ,ψ
c+ z(r)

= (F1 − F2)(r)− (P −Q) [w(r)− z(r)] ,

= (F1 − F2)(r)− (P −Q) [y(r)] , (7.2.5)

y(p) = w(p)− z(p) = c∗1 − c∗2,

y(q) = w(q)− z(q) = d∗1 − d∗2.

Then by Lemma 7.1, both problems (7.2.4), (7.2.5) have unique so-

lutions,

x(r) = (c∗1 + c∗2)Eµ,1(−(P +Q)(ψ(r)− ψ(p))µ)
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+ θ1Eµ,1(−(P +Q)(ψ(r)− ψ(p))µ)

+

∫ r

0

ψ′(s)[ψ(r)− ψ(s)]µ−1

Eµ,µ(−(P +Q)(ψ(r)− ψ(p))µ)(F1 + F2)(s) ds,

where θ1 = d∗1 + d∗2+

[(F1 + F2)(p)− (P +Q)w(p)][ψ(q)− ψ(p)]µ

Γ(µ+ 1)

− 1

Γ(µ)

∫ q

p

ψ′(s)[ψ(q)− ψ(s)]µ−1

[(F1 + F2)(s)− (P +Q)w(s)] ds,

and y(r) = (c∗1 − c∗2)Eµ,1(−(P −Q)(ψ(r)− ψ(p))µ)

+ θ2Eµ,1(−(P −Q)(ψ(r)− ψ(p))µ)

+

∫ r

0

ψ′(s)[ψ(r)− ψ(s)]µ−1

Eµ,µ(−(P −Q)(ψ(r)− ψ(p))µ)(F1 − F2)(s) ds,

where θ2 = (d∗1 − d∗2)+

[(F1 − F2)(p)− (P −Q)w(p)][ψ(q)− ψ(p)]µ

Γ(µ+ 1)

− 1

Γ(µ)

∫ q

p

ψ′(s)[ψ(q)− ψ(s)]µ−1

[(F1 − F2)(s)− (P −Q)w(s)] ds,

respectively in C(J ,R). In consequence, w(r) and z(r) are unique.
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Lemma 7.3. (Comparison Result) [Chapter 4, Lemma 4.8] Let µ ∈

(0, 1] and P ∈ R. If w ∈ C(J ,R) satisfies the following inequalities

cDµ,ψ
p+ w(r) ≥ −Pw(r), r ∈J ,

w(p) ≥0, w(q) ≥ 0, (7.2.6)

then w(r) ≥ 0 for all r ∈J .

Lemma 7.4. (Comparison Result) Let µ ∈ (0, 1] and P ∈ R and

Q ≥ 0 be given. If w, z ∈ C(J ,R) satisfies the following inequalities

cDµ,ψ
p+ w(r) ≥− Pw(r) +Qz(r), r ∈J ,

cDµ,ψ
p+ z(r) ≥− Pz(r) +Qw(r), r ∈J , (7.2.7)

w(p) ≥ 0, z(p) ≥ 0 w(q) ≥ 0, z(q) ≥ 0,

then w(r) ≥ 0, z(r) ≥ 0 for all r ∈J .

Proof. Put x(r) = w(r) + z(r) r ∈J . Then by (7.2.7), we have

cDµ,ψ
p+ x(r) = cDµ,ψ

p+ w(r) + cDµ,ψ
p+ z(r),

≥ −Pw(r) +Qz(r)− Pz(r) +Qw(r),

= −(P −Q)(w(r) + z(r))

= −(P −Q)x(r),

x(p) = w(p) + z(p) ≥ 0,
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x(q) = w(q) + z(q) ≥ 0.

Then by Lemma 7.3, x(r) ≥ 0 ⇒ w(r) + z(r) ≥ 0. Next to show

that, w(r) ≥ 0, z(r) ≥ 0 for all r ∈J . By (7.2.7), we have

cDµ,ψ
p+ w(r) ≥ −Pw(r) +Qz(r),

≥ −Pw(r)−Qw(r) = −(P +Q)w(r),

w(p) ≥ 0, w(q) ≥ 0,

cDµ,ψ
p+ z(r) ≥ −Pz(r) +Qw(r),

≥ −Pz(r)−Qz(r)

= −(P +Q)z(r),

z(p) ≥ 0, z(q) ≥ 0.

Then by Lemma 7.3, it is easy to show that w(r) ≥ 0, z(r) ≥ 0 for

all r ∈J .

7.3 Existence and Uniqueness Results

In this section, we develop monotone iterative technique and apply

it to prove the existence of minimal and maximal solutions of the

nonlinear BVP (7.1.1) involving ψ-Caputo fractional derivative. We

list the following assumptions for convenience.:
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(B1) There exist w0(r), z0(r) ∈ C(J ,R) and w0(r) ≤ z0(r), such

that

cDµ,ψ
p+ w0(r) ≤ F (r, w0(r), z0(r)),

w0(p) ≤c∗1, w0(q) ≤ d∗1,

cDµ,ψ
p+ z0(r) ≥ G(r, z0(r), w0(r)),

z0(p) ≥c∗2, z0(q) ≥ d∗2.

(B2) There exist P ∈ R, Q ≥ 0 such that

F (r, w(r), z(r))− F (r, w∗(r), z∗(r)) ≥ −P (w − w∗)−Q(z − z∗),

G(r, z(r), w(r))−G(r, z∗(r), w∗(r)) ≥ −P (z − z∗)−Q(w − w∗),

where w0(r) ≤ w∗(r) ≤ w(r) ≤ z0(r), w0(r) ≤ z∗(r) ≤ z(r) ≤ z0(r)

and

G(r, z(r), w(r))− F (r, w(r), z(r)) ≥ P (w(r)− z(r)) +Q(z(r)− w(r)),

with w0(r) ≤ w(r) ≤ z(r) ≤ z0(r).

Theorem 7.5. Suppose that the assumptions (B1) and (B2) hold,

then there exist monotone iterative sequences {wn}, {zn} ∈ [w0, z0]

such that wn → w∗, zn → z∗ as (n→∞) uniformly on r ∈J , where

(w∗, z∗) ∈ [w0, z0]× [w0, z0] are minimal and maximal solutions of the
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nonlinear problem (7.1.1) and satisfy the monotone property

w0 ≤ w1 ≤ . . . ≤ wn ≤ . . . ≤ w∗ ≤ z∗ ≤ . . . ≤ zn ≤ . . . ≤ z1 ≤ z0.

(7.3.1)

Proof. For any wn−1(r), zn−1(r) ∈ C(J ,R), n ≥ 1, we consider the

linear system

cDµ,ψ
p+ wn(r) = F (r, wn−1(r), zn−1(r))− P (wn(r)− wn−1(r))

−Q(zn(r)− zn−1(r)),

cDµ,ψ
p+ zn(r) = G(r, zn−1(r), wn−1(r))− P (zn(r)− zn−1(r))

−Q(wn(r)− wn−1(r)),

wn(p) =c∗1, wn(q) = d∗1, zn(p) = c∗2, zn(q) = d∗2.

(7.3.2)

Then by Lemma 7.2, we know that system (7.3.2) has unique system

of solutions in C(J ,R). Next we show that {wn}, {zn} satisfy the

property

wn−1(r) ≤ wn(r) ≤ zn(r) ≤ zn−1(r), n = 1, 2, . . . .

First need to show that w0(r) ≤ w1(r) ≤ z1(r) ≤ z0(r).

Let φ(r) = w1(r) − w0(r), σ(r) = z0(r) − z1(r). Then from (7.3.2)

and (B1) we have

cDµ,ψ
p+ φ(r) = cDµ,ψ

p+ w1(r)− cDµ,ψ
p+ w0(r)
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≥ F (r, w0(r), z0(r))− P (w1(r)− w0(r))−

Q(z1(r)− z0(r))− F (r, w0(r), z0(r))

= −P (w1(r)− w0(r))−Q(z1(r)− z0(r))

= −Pφ(r) +Qσ(r),

and φ(p) =w1(p)− w0(p) ≥ c∗1 − c∗1 = 0,

φ(q) = w1(q)− w0(q) ≥ d∗1 − d∗1 = 0,

cDµ,ψ
p+ σ(r) = cDµ,ψ

p+ z0(r)− cDµ,ψ
p+ z1(r)

≥ G(r, z0(r), w0(r))−G(r, z0(r), w0(r))+

P (z1(r)− z0(r)) +Q(w1(r)− w0(r))

= P (z1(r)− z0(r)) +Q(w1(r)− w0(r))

= −Pσ(r) +Qφ(r)

and σ(p) = z0(p)− z1(p) ≥ d∗2 − d∗2 = 0,

σ(q) = z0(q)− z1(q) ≥ d∗2 − d∗2 = 0.

Then by Lemma 7.4, we have φ(r) ≥ 0, σ(r) ≥ 0 implies that w1(r) ≥

w0(r), z0(r) ≥ z1(r), r ∈J .

Let ρ(r) = z1(r)− w1(r). Then from (7.3.2) and (B2) we have

cDµ,ψ
p+ ρ(r) = cDµ,ψ

p+ z1(r)− cDµ,ψ
p+ w1(r)

= G(r, z0(r), w0(r))− P (z1(r)− z0(r))−Q(w1 − w0)−

− F (r, w0(r), z0(r)) + P (w1(r)− w0(r)) +Q(z1 − z0),
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≥ P (w0(r)− z0(r)) +Q(z0(r)− w0(r))− P (z1 − z0)

−Q(w1(r)− w0(r)) + P (w1(r)− w0(r)) +Q(z1 − z0),

= −(P −Q)(z1(r)− w1(r))

= −(P −Q)ρ(r),

and ρ(p) = z1(p)− w1(p) = c∗2 − c∗1 ≥ 0,

ρ(q) = z1(q)− w1(q) = d∗2 − d∗1 ≥ 0.

Then by Lemma 7.3, we have ρ(r) ≥ 0 implies that z1(r) ≥ w1(r),

r ∈ J . Hence we have w0(r) ≤ w1(r) ≤ z1(r) ≤ z0(r), r ∈ J .

Now,assume that wi−1(r) ≤ wi(r) ≤ zi(r) ≤ zi−1(r) for some i ≥ 1.

We claim that wi(r) ≤ wi+1(r) ≤ zi+1(r) ≤ zi(r) for some r ∈ J .

Set φ(r) = wi+1(r)− wi(r), σ(r) = zi(r)− zi+1(r),

ρ(r) = zi+1(r)− wi+1(r). By (7.3.2) and (B2) we have

cDµ,ψ
p+ φ(r) = cDµ,ψ

p+ wi+1(r)− cDµ,ψ
p+ wi(r),

≥ F (r, wi(r), zi(r))− P (wi+1(r)− wi(r))−Q(zi+1 − zi)

− F (r, wi(r), zi(r)),

= −P (wi+1(r)− wi(r))−Q(zi+1(r)− zi(r))

= −Pφ(r) +Qσ(r),

and φ(p) = wi+1(p)− wi(p) = c∗1 − c∗1 = 0,

φ(q) = wi+1(q)− wi(q) = d∗1 − d∗1 = 0.
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cDµ,ψ
p+ σ(r) = cDµ,ψ

p+ zi −
cDµ,ψ

p+ zi+1

≥ G(r, z0(r), w0(r))−G(r, zi(r), wi(r)) + P (zi+1 − zi)

+Q(wi+1(r)− wi(r))

= P (zi+1(r)− zi(r)) +Q(wi+1(r)− wi(r))

= −Pσ(r) +Qφ(r),

and σ(p) = zi(p)− zi+1(p) = c∗2 − c∗2 = 0,

σ(q) = zi(q)− zi+1(q) = d∗2 − d∗2 = 0.

cDµ,ψ
p+ ρ(r) = cDµ,ψ

p+ zi+1(r)− cDµ,ψ
p+ wi+1(r)

= G(r, zi(r), wi(r))− P (zi+1(r)− zi(r))−Q(wi+1 − wi)

− F (r, wi(r), zi(r)) + P (wi+1 − wi) +Q(zi+1 − zi)

≥ P (wi(r)− zi(r)) +Q(zi(r)− wi(r))− P (zi+1 − zi)

−Q(wi+1(r)− wi(r)) + P (wi+1 − wi) +Q(zi+1 − zi)

= −P (zi+1(r)− wi+1(r)) +Q(zi+1(r)− wi+1(r)),

= −(P −Q)(zi+1(r)− wi+1(r))

= −(P −Q)ρ(r),

and ρ(p) = zi+1(p)− wi+1(p) = c∗2 − c∗1 ≥ 0,

ρ(q) = zi+1(q)− wi+1(q) = d∗2 − d∗1 ≥ 0.

Then by Lemma 7.3 and Lemma 7.4, we have

φ(r) ≥ 0, σ(r) ≥ 0, ρ(r) ≥ 0.
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This implies that wi(r) ≤ wi+1(r) ≤ zi+1(r) ≤ zi(r) for some r ∈J .

Hence from the principle of mathematical induction, we have

w0(r) ≤ w1(r) ≤ . . . ≤ wn(r) ≤ . . . ≤ zn(r) ≤ . . . ≤ z1(r) ≤ z0(r).

Thus the sequences {wn(r)} and {zn(r)} are uniformly bounded and

convergent. Hence pointwise limit exists and are given by

lim
n→∞

wn(r) = w∗(r) and lim
n→∞

zn(r) = z∗(r),

uniformly on r ∈ J and the limit functions w∗, z∗ satisfy BVP (7.1.1).

Moreover, w∗, z∗ ∈ [w0, z0]. Taking the limits in (7.3.2), we know

that (w∗, z∗) is a system of solutions of (7.1.1) in [w0, z0] × [w0, z0].

Moreover, (7.3.1) is true.

Finally, we prove that (7.1.1) has minimal and maximal solutions.

Let (w, z) ∈ [w0, z0] × [w0, z0] is any system of solutions of (7.1.1).

Assume that for some n ∈ N , wn ≤ w, z ≤ zn for some r ∈J .

Set φ(r) = w(r) − wn+1(r), σ(r) = zn+1(r) − z(r). Then by (7.3.2)

and (B2) we have

cDµ,ψ
p+ φ(r) = cDµ,ψ

p+ w(r)− cDµ,ψ
p+ wn+1(r)

= F (r, w(r), z(r))− F (r, wn, zn) + P (wn+1(r)− wn(r))

+Q(zn+1(r)− zn(r))
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≥ −P (w(r)− wn(r))−Q(z(r)− zn(r))

+ P (wn+1(r)− wn(r)) +Q(zn+1(r)− zn(r))

= −P (w(r)− wn(r)) +Q(zn(r)− z(r))

= −Pφ(r) +Qσ(r),

and φ(p) = w(p)− wn+1(p) = c∗1 − c∗1 = 0

φ(q) = w(q)− wn+1(q) = d∗1 − d∗1 = 0.

cDµ,ψ
p+ σ(r) = cDµ,ψ

p+ zn+1(r)− cDµ,ψ
p+ z(r)

= G(r, zn(r), wn(r))− P (zn+1(r)− zn(r))

−Q(wn+1(r)− wn(r))−G(r, z(r), w(r))

≥ −P (zn(r)− z(r))−Q(wn(r)− w(r))

− P (zn+1(r)− zn(r))−Q(wn+1(r)− wn(r))

= −P (zn+1(r)− z(r)) +Q(w(r)− wn+1(r))

= −Pσ(r) +Qφ(r)

and σ(p) = zn+1(p)− z(p) = c∗2 − c∗2 = 0,

σ(q) = zn+1(q)− z(q) = d∗2 − d∗2 = 0.

By Lemma 7.4, wn+1(r) ≤ w(r), z(r) ≤ zn+1(r) for some r ∈J .

Now taking the limits as n → ∞, we have w∗ ≤ w, z ≤ z∗. Hence

(w∗, z∗) is an minimal and maximal solutions of system (7.1.1) in

[w0, z0]× [w0, z0]. This completes the proof.
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Example 7.1. Consider the following coupled system of boundary

values problem:

cD
1/2,r
0+ w(r) = −w3(r) + 1 + z(r), r ∈ J = [0, 1],

cD
1/2,r
0+ z(r) = −z3(r) + 1 + w(r), r ∈ J = [0, 1],

w(0) = z(0) = 0, w(1) = z(1) =
3

4
.

(7.3.3)

Here µ = 1
2, n = [1

2 ] + 1 = 1 c = 0, d = 1, c∗1 = c∗2 = 0, d∗1 = d∗2 = 3
4,

ψ(r) = r. Obviously F (r, w, z) = −w3(r) + 1 + z(r),

G(r, z, w) = −z3(r) + 1 + w(r).

Now taking w0(r) = 0 and z0(r) = r. Also w0
[1]
ψ = 0 and z0

[1]
ψ =

z′0(r)
ψ′(r) = 1 then, cD

1/2,r
0+ w0(r) = 0 ≤ 1 + r = F (r, w0, z0), and

cD
1/2,r
0+ z0(r) =

1

Γ(1
2)

∫ r

0

(r − s)−1/2 ds

=
2√
π
r1/2

≥ −r3 + 1

= G(r, z0, w0).

Also w0(r) ≤ z0(r). Hence condition (B1) of Theorem 7.5 holds.

On the other hand, it is easy to show that for M = 3 and N =

0, condition (B2) holds. Thus, all conditions of Theorem 7.5 are

satisfied. Hence, the nonlinear system (7.3.3) has the minimal and

maximal solution (w∗, z∗) ∈ [w0, z0]× [w0, z0], which can be obtained
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by taking limits from the iterative sequences, for n ≥ 1,

wn(r) = θ1E 1
2 ,1

(−3r
1
2 )

+

∫ r

0

(r − s)−
1
2E 1

2 ,
1
2
(−3r

1
2 )(−w3

n−1(s) + 1 + zn−1(s) + 3wn−1(s)) ds,

where θ1 =
3

4
− 1

Γ(1/2)

∫ 1

0

[1− s]−
1
2 [−w3

n−1 + 1 + zn−1 − 3wn−1] ds,

zn(r) = θ2E 1
2 ,1

(−3r
1
2 ) +

∫ r

0

(r − s)−
1
2E 1

2 ,
1
2
(−3r

1
2 )(−z3

n−1(s) + 1

+ wn−1(s) + 3zn−1(s)) ds,

where θ2 =
3

4
− 1

Γ(1/2)

∫ 1

0

[1− s]−
1
2 [−z3

n−1 + 1 + wn−1 − 3zn−1] ds.

7.4 Conclusion

1. Starting with lower and upper solutions w0(r) and z0(r) as initial

iterations of the problem (7.1.1), the two monotone convergent

sequences {wn(r)} and {zn(r)} are constructed.

2. Monotone technique coupled with lower and upper solutions is

developed for the coupled system (7.1.1) involving ψ-Caputo

fractional derivative.

3. Monotone technique is applied successfully to prove the exis-

tence of minimal and maximal solutions of the problem (7.1.1).

4. The obtained results are validated with suitable example.
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