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1.1 Historical Development and Literature

Review

The beginning of the fractional calculus is considered to be the
Leibniz’s letter to L’Hospital in 1695, where they discussed for differ-
entiation of non-integer order. Leibniz wrote to L'Hospital: ... This
1s an apparent paradox from which, one day, useful consequences will
be drawn . Up to the middle of 20th century, a remarkable contri-
butions to the theory of fractional calculus by famous mathemati-
cian are known : Euler (1730), Lagrange (1772), Laplace (1812),
J.B.J. Fourier (1822), N. Abel (1823-1826), J. Liouville (1832-1837),
B. Riemann (1847), K. Grunwald (1867-1872), A. Letnikov (1868-
1872), Heaviside (1892-1912), A. Marchaud (1973-1999), A. Erdelyi
(1930-1977), H. Weyl (1917) etc.

The first work, devoted to fractional calculus, is the book by
Oldham and Spanier published in 1974. By the second half of the
twentieth century the first specialized conference concerned solely
with the theory and applications on fractional calculus in 1974 was
held at the University of New Haven USA and more than 2000 papers
have been published. Letnikov (1868), S. G. Samko (1993), Podlubny
(1999), A. A. Kilbas (2006), O. I. Marichev, V. S. Kiryakova, K. S.

Miller and B. Ross and more recently Lakshmikantham, S. Abbas,

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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M. Benchohra, J.R.Greuf, Zhou, Das, Ray, Herrmann and more are
devoted to the classical period of the development of fractional calcu-
lus. The first issue of the mathematical journal 'Fractional Calculus
and Applied Analysis’ was printed in 1998. This journal is solely
concerned with topics on the theory of fractional calculus and its ap-
plications. Finally, the large conference concerned solely with ’Frac-
tional Differentiation and its Applications’ was held in Bordeaux in
2004, where no less than 104 talks were given in the field of fractional
calculus.

Now a days, fractional calculus has attracted much more at-
tention as it plays an important role in the field of science and en-
gineering in which the study on stability of fractional differential
equations is important. Fractional differential equation is a gener-
alization of ordinary differential equation of fractional order. Many
mathematical models of real problems arising in various fields of
science and engineering are either linear or nonlinear systems. Re-
cently, stability of fractional differential equations and the analytical
methods of solutions of linear fractional differential equations, non-
linear fractional differential equations. Fractional differential equa-
tions represent an important tool in science, engineering, technology
and economics and applications included population models, con-

trol engineering, electrical network analysis, gravity and medicine

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 1: Introduction 4

etc.[27]. Most of the researchers are attracted towards fractional
differential equations as many phenomena in various branches of sci-
ence and engineering are modeled. Many applications are found in
control systems, visco-elasticity, electrochemistry, pharmacokinetics,
food science etc.[55]. Significant contributions by researchers have
been recorded in the monograph of Kilbas et al.[30]. Some results
on the theory of fractional differential equations due to Lakshmikan-
tham et al. can be seen in [32, 35, 37, 49, 62, 64, 77]. The study
of theory of fractional differential equations [31, 32, 35| parallel to
the well-known theory of ordinary differential equations [31, 33] has
been growing independently. The existence of solutions of Riemann-
Liouville fractional differential equations and uniqueness of solutions
was proved by Lakshmikantham and Vatsala [31, 32].

The earliest study on stability of fractional differential equa-
tions started by D. Matignon [39]. The recent study of linear frac-
tional differential equations with Riemann-Liouville derivative and
the same fractional order a, where 0 < a < 1 is studied by Qian et
al.[56]. In recent years, many effective methods for obtaining approx-
imations or numerical solutions of fractional differential equations
have been presented. These methods includes fixed point technique
13, 26, 38], Monotone iterative technique [31, 35, 55|, Generalized

monotone iterative method [22], Adomian Decomposition Method |,

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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Power Series Method [55], the reproducing Kernel method [69] and
the Wavelet method . Except these methods, there are some clas-
sical solution techniques too, e.g. Laplace and Fourier transform
method [19], Green’s function method, Maximum principle [24, 61]
Mellin transform method and Method of orthogonal polynomials
29, 41, 55].

The monotone iterative technique [14] is very useful for the in-
vestigation of theoretical as well as constructive results in the sector.
McRae [40] developed monotone method for Riemann-Liouville frac-
tional differential equations with initial conditions and studied the
qualitative properties of solutions of initial value problem. Existence
and uniqueness of solution of Riemann-Liouville fractional differen-
tial equations, Caputo fractional differential equations with various
conditions such as integral boundary conditions [42-44, 46-48, 50],
initial value problems [45, 51, 71], periodic boundary value problems
22, 23, 25, 70, 72] is obtained by Nanware et al. and others [75]
and developed monotone method. Existence of positive solutions
for nonlinear fractional differential equations with boundary condi-
tion and integral boundary conditions is also obtained by researchers
52, 54, 63, 68].

In the recent years, the theory of singular boundary value

problems has become an important area of investigation [2, 4, 5, 12,

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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16-18, 67, 74]. They got the existence of solutions by using various
methods such as monotone iterative technique coupled with lower
and upper solution and fixed point theorem. By using monotone
iterative method X. Zhang et al. [76] obtained the existence and
uniqueness of positive solutions for a class of higher conjugate-type
fractional differential equations with one nonlocal term. In recent
paper, S. Song et al.[60] investigated the existence of extremal so-
lutions for Riemann-Liouville fractional differential equations with
integral boundary conditions.

In 2016, Almeida [8] introduced ¥-Caputo fractional differen-
tial operator. For more details see [3, 6, 7, 20], and the references
given therein. Derbazi et al. [20, 21] developed monotone iterative
technique to study the existence and uniqueness of solution for initial
value problem of nonlinear fractional differential equations including
-Caputo derivative.

Wang et al.[66] in 2012 proved existence results for nonlin-
ear system of Riemann-Liouville fractional differential equations and
developed monotone iterative technique. Recently, Nanware et al.
23, 47, 48, 50] and Dhaigude et al. [23] obtained existence and
uniqueness results of the system of fractional differential equations
with various type of conditions involving Riemann-Liouville frac-

tional derivative and Caputo fractional derivative of order u;
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0 < p < 1 using monotone iterative technique. Wei et al. [71] and
Nanware et al. [45] proved existence results for system of initial value
problems for fractional differential equations involving Riemann-Liouville
sequential fractional derivative via monotone iterative technique.
At the present day, different kinds of fixed point theorems
are widely used to prove the existence and uniqueness of solutions
for various classes of nonlinear fractional differential equations. Re-
cently, Nanware [50] obtained existence results using Banach and
Schaufer’s fixed point theorem and Leray-Schauder type nonlinear
alternative. By using contraction mapping principle, existence and
uniqueness of solutions for system of nonlinear implicit fractional dif-
ferential equations was studied by Nanware [50|. Matar [38] proved
existence of positive solution for initial value problem of nonlinear
fractional differential equations by the method of upper and lower
solutions and using Schauder and Banach fixed point theorems [9].
Many researchers investigated the positive solutions for nonlinear
fractional differential equations by the method of upper and lower

solutions and using Krasnoselskii and Banach fixed point theorems

1, 10, 13, 54, 63].
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1.2 Basic Results

In this section we start with Euler’s integrals such as Beta,
Gamma and Mittag-Leffler functions which plays important role in
the development of fractional calculus. First we consider Beta and

Gamma functions.

Definition 1.1. [55] The first Eulerian integral called Beta function
denoted by B(p,q) and defined by means of the integral S(p,q) =
[Lr®=D(1 =)@ Ddr for (%Z(p) > 0), (Z(q) > 0), where Z(p) is real

0

part of p.

Definition 1.2. [55] The second Eulerian integral is called Gamma
function denoted by I'(r) and is defined by means of the integral

I(r)= [, e *s" s, (#(s)>0)seC.
The relation between Beta and Gamma functions is given by

Fp)lia) = B(q,p)-

Mittag-LefHler function is a generalization of exponential func-
tion. One parameter and two parameter Mittag-Leffler functions are

defined as follows:

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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Definition 1.3. [55] Mittag-Lefler function of one parameter de-

noted by E,(r) is defined as

B0 = 2

=0
1. When p =0,
N 1
= =1 ‘= < 1.
;F(l +r+ri+ T 7|

2. For £ = 1 and 2, the one parameter Mittag-Leffler function

gives the function e” and cosh r respectively.

Definition 1.4. [55] Mittag-Leffler function of two parameter de-

noted by E, ,(r) is defined as

We start with the definitions of Riemann-Liouville fractional
integrals and Riemann-Liouville fractional derivatives. Then we in-
troduce the definitions of Caputo fractional derivatives and ¢)—Caputo
fractional derivatives. We also consider basic properties of these frac-

tional integrals and fractional derivatives.

Let p € Ry and n = [u], where [.] is the greatest integer function.

Assume that u(r) is continuous on an interval [a, b].

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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Definition 1.5. [55] The Riemann-Liouville fractional integral of a
function wu(r) of order p is denoted by IZ, u(r) and is defined as
I u(r) = 1 /T (r — 7) u(r)dr.
F(M) a+
Now, we discuss useful properties of Riemann-Liouville fractional
integrals.
Property I [55]. Suppose u(r) has the continuous derivatives for

r > 0 then

lim Ifu(r) = u(r).
u—0

Property II [55].[Additive index property or Semigroup property]
I IV u(r) = IFu(r).

We define Riemann-Liouville fractional derivative of order 1 and dis-
cuss some useful properties of Riemann-Liouville fractional deriva-

tive.

Definition 1.6. [55] The Riemann-Liouville fractional derivative of
u(r) of order p is denoted by D#u(r) on a finite interval [a, b], subset
of real axis R is defined as

1 d
(r) = ['(k — p)drk

Dl u / (r — 7)== (1) dr, (k—1<pu<k).

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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For k = 1, we have

1 d

DI u(r) = T = dr /ar(r — 1) Mu(T)dT, 0<p<l,

where u(r) € Cla,b] and a < r < b.

Now, we consider the properties of Riemann-Liouville frac-
tional derivatives required in further discussion.
Property I [55]. [Linearity] Riemann-Liouville fractional derivative

operator is linear. That is
Dy [o1ua(r) + oaus(r)] = 01Dy [ui(r)] + o2 Dgy [ua(r)]

where D!, denotes the Riemann-Liouville fractional derivative.
Property II [55]. Riemann-Liouville fractional derivative is the left
inverse to the Riemann-Liouville fractional integral of the same order

p. That is for 4 > 0 and r > a,
Dy Ly u(r) = u(r).

Property III [55]. If u(r) is continuous and if p > v > 0, then the
derivative D! “u(r) exists.
Next, we consider Caputo fractional derivative and introduce some

properties of the Caputo derivative.

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 1: Introduction 12

Definition 1.7. [30] The Caputo fractional derivative of order > 0

of a function u : R™ — R is given by

“DFu(r) =

where n = [u] + 1, provided the right side is pointwise defined on

RT.

Remark 1.2.1. 1. In general Riemann-Liouville fractional opera-

tor and Caputo fractional operator do not coincide DFu(r) #

“DFu(r).

2. The Caputo fractional derivative of the constant function is

Zero.

3. For the Caputo fractional derivative

‘DFCD™u(r) = DM u(r)

where (m =0,1,2,...(n—1), n—1< pu < n), while for the
Riemann-Liouville fractional derivative D" D u(r) = DFt™u(r)

where (m =0,1,2,...(n—1), n—1<pu<n).

We now introduce some important properties of Caputo deriva-
tive required in further discussion.

Property I [30]. [Linearity] Caputo fractional derivative operator

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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is linear. That is

Doy [o1ur(r) + ogua(r)] = 01Dy [ua(r)] + 02 Dy [ua(r)]

where “D/’, denotes the Caputo fractional derivative.
Property II [30]. [Non-commutation] Let n —1 < pu <n, p € R

m,n € N and the function u(r) is such that “Dju(r) exists. Then

“Dfy D'u(r) = “Df""u(r) # D™ “Dju(r)

In general the two operators, Riemann- Liouville and Caputo
do not coincide, but if function u(r) be such that v (0) = 0,k =
0,1,2,...,n — 1, then the Riemann-Liouville and Caputo fractional
derivatives coincides ‘Dju(r) = Dj'u(r).

Property IIT [55]. Let r > 0, n —1 < u < n, n € Z*, then the
following relation between Riemann-Liouville and Caputo fractional

derivatives holds

Property IV [30].[ Composition with integer order derivative]

‘DF(D™u(r)) = ‘D™ (“D"u(r)) = “D*u(r)

where f®(0)=0,k=n,n+1,...m(m=0,1,2,..;n—1 < p <n).

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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We present and study some properties of a ¢)-Caputo fractional
derivative with respect to another function. The idea is to com-
bine the definition of Caputo fractional derivative with the Riemann-
Liouville fractional derivative with respect to another function. Also
we study the main properties of 1-Caputo operator.

Let J = [a, b], where 0 < a < b < 00, be a finite interval and
Y : J — R is an increasing differentiable function such that ¢'(r) #

0, for all r € J.

Definition 1.8. [8]. The left-sided -Riemann-Liouville fractional
integral of order © > 0 for an integrable function z : J — R with

respect to function 1 is defined as follows

“’wzr:L ' "()h(r) — (s)* tz(s) ds
15 = g [ V) — o) ds

where ¢'(r) # 0 and I'(.) is the gamma function.

Definition 1.9. [8]. Let n € Nand ¢, z € C"(J,R) be two functions.
The left-sided 1-Riemann-Liouville fractional derivative of function

z of order n—1 < p < n with respect to another function 1 is defined

by

D) = (e ) et
1

" T(n—p)

(se5a) [ v ele —ver+ s

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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where n = [u] + 1 and [u] denotes the integer part of real number p.

Remark 1.2.2. Some well known fractional derivatives are the par-
ticular cases of the y-Caputo fractional derivative. That is, if we
consider ¢ (r) = r,logr and r?, respectively we obtain the Riemann-
Liouville fractional derivative, the Caputo-Hadamard fractional deriva-

tive and the Caputo-Erdelyi-Kober fractional derivative respectively

58],

Definition 1.10. [8]. Let n € N and let ¥,z € C"(J,R) be two
functions. The left-sided ¥-Caputo fractional derivative of z of order

n — 1 < u < n with respect to another function v is defined by

Do) = 15 (L) 20,

where ¢/(r) #0and n = [pu] + 1 for p € N, n = p for p € N.

Symbolically, we denote

From the definition, it is clear that

p

D) = ﬁ/@ Y($)[W(r) —d(s)]" 2 (s)ds, ifu ¢ N

zgl](r), if p € N.
(1.2.1)

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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In particular, when u € (0,1), we have

1 r

c Y _ / —u 1]

DEV(r) = s [ V) — v 2 ) ds.
Observe that y-Caputo derivative of a constant function is zero.
Remark 1.2.3. If z € C™(J,R), the ¥-Caputo fractional derivative of

2(r) of order p is defined in terms of left-sided -Riemann-Liouville

fractional derivative as

2
CD(’;‘;wz(r) = Défjrwz(r) — 2

We introduce some important properties of ¢)-Caputo fractional deriva-
tives required in further study.

Property I [8]. [Semigroup property] Let p,v > 0, z € C(J,R).
Then

IRV 5 (r) = 1M 2 (r), r € .

Property II [8]. Let z: J — R and pu > 0. The following holds:
1. If 2(r) € C(J,R) then

CngrwI“’wz(r) =z(r), r € J.

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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The y-Caputo fractional derivative is an inverse operation for

the Riemann-Liouville fractional integral.

2. If 2 € C"1(J)R), n — 1 < p < n, then

k
2 (a)

k!

—_

3

DY 2(r) = 2(r) — [W(r) = @), red

e
Il

0

Property III [8]. For r > a, u > 0 and v > 0, we have

(i) I [ (r) — (@)~ = mis [ (r) — dla)) 7,

(1) “DiP T (r) — (@)™ = s (r) — o)),

(idi) D" [p(r) —(a)]F =0, for all k € {0,1,...,n — 1}, n € N.

Note that through out the thesis we shall denote Riemann-Liouville
fractional integrals and Riemann-Liouville fractional derivatives by
the notations I* and D" respectively. Also, we denote Caputo frac-
tional derivative by the notation “D* and 1-Caputo fractional deriva-
tive by the notation ¢D*Y.

Finally we consider following basic results for further study.

Theorem 1.11. [15/(Ascoli-Arzela Theoerm). If a sequence {u,}o
in C(X) is bounded and equicontinuous then it has a uniformly con-

vergent subsequence.

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing
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Theorem 1.12. [11] (Lebesque dominated convergence theorem).

Suppose f, : R — R are (Lebesgue) measurable functions such that
the pointwise limit f(x) = lim, o fn(x) ezists. Assume there is an
integrable g : R — [0, 00) with | f,(x)| < g(z) for each x € R. Then

f 1s integrable as is f, for each n, and

lim fnd,u:/ lim fnd,u:/fd,u

Theorem 1.13. [59]. Let E be a nonempty closed convex subset of
a Banach space B and ® : EE — E be a contraction operator. Then

there is a unique w € E with dw = w.

Theorem 1.14. [59](Krasnoselskii fized point theorem). Let E be a
nonempty closed convex subset of a Banach space B and let P and Q)
two operators defined on E with values in B such that Pu+ Qu € E,
for every pair u,v € E, the operator P is completely continuous and
the operator () is a contraction. Then there exist w € E such that

w = Pw+ Quw.

Theorem 1.15. [57] (Dini’s Theorem). Let B be a compact metric
space. Let g : B — R be a continuous function and g, : B — R, n €
N be a sequence of continuous functions. If {gx} converge pointwise
to f and if gp(r) > gry1(r) for all r € B and all k € N then {g;}

converges uniformly to g.
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Theorem 1.16. [27](Weissinger’s fized point theorem). Assume
(A, p) to be a non empty complete metric space and let 0; for ev-
ery ¢ € N such that iei converges. Furthermore, let the mapping
T : A — A satisfy t;z:eo inequality p(T'z, T'y) < 0;p(x,y), for every
1 € N and every x,y € A. Then T has a unique fixed point x*. More-
over, for any xo € A, the sequence {Tixo}jil converges to fixed point

T*.

Theorem 1.17. [30]. Let p >0, n € N and n = [u|. Moreover, let
k>0, h* >0 and ay € R. Define H : [0, h*] X [ag — k,ap + k] and
let the function f: H — R be continuous. Then for some h > 0,the
function v(r) € C(0,h] is a solution to the fractional differential

equation of Riemann-Liouville type
DHto(r) = f(r,v(r))  wv(rg) = v (1.2.2)

iof and only if it 1s a solution of the Volterra fractional integral equa-

tion
v(r) = vy + L /r(r — 8 f(s,0(s)ds). (1.2.3)
I'(1) Jo ’
Now, consider the following nonlinear differential equation of
order p > 0

[“DHul(y) = f(y, u(y))
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where “DFu(y) is Caputo fractional derivative. The corresponding

Volterra integral equation is given by

Ny 1 fru(r)
u(y) = D +F(u)/a ~dr, (0 <y <1).

Theorem 1.18. [22]. Let m € Cy([ro,T],R). Suppose that for any
r € [ro, T], we have m(ry) =0 and m(r) < 0 for ro < r < ry, then

it follows that DYm(ry) > 0.

Theorem 1.19. [34]. Let {u.(r)} be a family of continuous func-
tions on [ro, T], for each € > 0 where D'u.(r) = f(r;u.(r)); u.c) =
ue(r) and |f(r;ue(r))| < M forrg <r <T. Then the family {u.(r)}

is equicontinuous on [ro, T].

Lemma 1.20. /3] If p > 0 and 2z, € C|a,b], then

(a) ]5;1/)(.) is linear and bounded from C|a,b] to Cla,b].

(b) 'Y 2(a) = lim, ,, 1"V 2(r) = 0.
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1.3 The purpose of Thesis

The purpose of thesis is to study existence and uniqueness
of solutions of fractional differential equations with various condi-
tions by using fixed point theorem and developing monotone iter-
ative method involving Riemann-Liouville, Caputo, -Caputo frac-
tional derivatives. Keeping in the mind and using the beauty of fixed
point theorems like Krasnoselskii’s and Banach fixed point theorem,
existence and uniqueness of solutions will be obtained. Moreover,
attempt has been made to develop the monotone iterative method
for the system of fractional differential equations involving Riemann-
Liouville, ¢)-Caputo fractional derivatives. It is extended to higher
order singular nonlinear conjugate type fractional differential equa-
tions. The method of lower and upper solution is developed. As
an application of monotone iterative method it is generalized to -
Caputo fractional derivatives. In all, existence and uniqueness result
of solutions of fractional differential equations and system of frac-

tional differential equations under different conditions will be proved.

1.4 Organization of the Thesis

The organization of the thesis is as follows:
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Chapter 1 is introductory. Special functions, Riemann-
Liouville fractional integral and derivative, Caputo derivative and
-Caputo derivatives are defined. The properties of these deriva-
tives are considered. The basic results are also given.

Chapter 2 deals to investigate the existence of solution of
nonlinear Liouville-Caputo fractional differential equations of order
1 < p < 2. Existence and uniqueness of a solution are investigated
by applying Krasnoselskii and Banach fixed point theorems and the
method of lower and upper solutions.

Chapter 3 deals with the monotone iterative technique for
higher order singular nonlinear (I — 1,1) conjugate-type fractional
differential equation with one nonlocal term. By deriving properties
of the Green’s function and using the fixed point theorem, we have
proved existence result. Existence and uniqueness of solutions of the
problem are obtained.

Chapter 4 deals with the monotone iterative technique for
nonlinear boundary value problems involving -Caputo fractional
derivative. Monotone iterative technique combined with coupled
lower-upper solutions is developed for nonlinear problem and qual-
itative properties of solutions such as existence-uniqueness are ob-

tained.
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Chapter 5 deals with nonlinear system of initial value prob-
lems involving Riemann-Liouville fractional derivative when the func-
tions f;, (i = 1,2) are quasimonotone nondecreasing (nonincreasing).
Monotone iterative technique coupled with lower and upper solutions
is developed and successfully applied to study qualitative properties
of solutions.

Chapter 6 deals with the monotone iterative technique for
coupled system of initial value problem involving 1-Caputo fractional
derivative. We apply the comparison result and coupled lower-upper
solutions to develop monotone technique for the initial value prob-
lem. Minimal and maximal solutions are obtained by using devel-
oped monotone technique.

Chapter 7 deals with the study qualitative properties such as
existence-uniqueness of solutions for nonlinear boundary value prob-
lems involving -Caputo fractional derivative. Monotone iterative
technique is also developed.

Conclusion of each chapter is given at the end of chapter.
The list of references is added in alphabetical order at the end of the

thesis.
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2.1 Introduction

In recent years, theory of fractional differential equations has
become an important investigation area.( Kilbas et al. [30], I. Pod-
lubny [55], and Samko et al. [58]). The basic theory for initial value
problems for fractional differential equations involving the Riemann-
Liouville and Liouville-Caputo differential operator was discussed
by Diethelm [28]. Many interesting results of the existence of solu-
tions of various classes of fractional differential equations involving
Riemann-Liouville and Caputo type fractional derivatives with the
initial condition, the integral boundary conditions have been studied
extensively by several researchers (see [3, 32-34, 36, 47, 48, 50, 53,
73, 75] and the references therein).

Recently, Matar [38] used the method of upper and lower so-
lutions and Schauder and Banach fixed point theorems to obtain
the existence and uniqueness of positive solution for the nonlinear

fractional differential equations

4

Dtw(r) = f(r,w(r)), 0<r<l1,

w(0) =0, w(0)=¢>0,

\
where “D" is the standard Caputo fractional derivative of ordery,

l<p<2and f:[0,1] x [0,00) = [0,00) is continuous function.
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By employing the upper and lower solutions and Schauder and
Banach fixed point theorems, Boulares et al. [13] investigated exis-
tence and uniqueness of positive solutions for the nonlinear fractional

differential equations

(

cDrw(r) = f(ryw(r)) + “D*h(r,w(r)), 0<r<T,

w(0) = ¢, w(0) = >0,

\
where “D* is the standard Liouville-Caputo’s fractional derivative of
order p,1 < pu <2, h,f:[0,7] x [0,00) — [0,00) are given contin-
uous function, h is nondecreasing in w and (; > h(0,(;). Ardjouni
et al. [9] studied the existence and uniqueness of positive solutions
for the first-order nonlinear Caputo-Hadamard fractional differen-
tial equations. Also Ardjouni et al. [10] studied the existence and
uniqueness of positive solutions for the first-order nonlinear Liou-
ville - Caputo fractional differential equations by using the upper
and lower solutions and use Krasnoselskii and Banach fixed point
theorems.

Inspired by the aforementioned works, using the method of
lower and upper solutions and the Krasnoselskii and Banach fixed
point theorems, we study in this chapter, the existence and unique-

ness of solutions of nonlinear fractional differential equation involving
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Liouville - Caputo derivative:

e

DF(w(r) — h(r,w(r))) = f(r,w(r)), 0<r<T,
: (2.1.1)

w(0) = wy > h(0,wy) > 0,

\
where 0 < < 1 and h, f : [0,7] x [0,00) — [0,00) are continuous

functions.

2.2 Preliminaries

Let B = C([0,T]), be the Banach space of all real-valued
continuous functions defined on the compact interval [0, T'], endowed
with the norm ||jw| = O@T%a%]w(rﬂ. Let K be a nonempty closed
subset of B defined as K = {w € B : |Jw|| <[, 1> 0}. Let p,q € R*
with p < ¢ and for any w € [p,q] C RT, we define the upper and
lower control functions respectively as follows

M(Ta w) = Ssup f(?”, 77)7 m(r,w) = inf f(Ta 77)'

p<n<w w<n<q

It is obvious that m(r,w) and M (r,w) are monotonic non-decreasing

on [p,q| and m(r,w) < f(r,w) < M(r,w).

We give some definitions and their properties for our main results.
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Definition 2.1. [30] The fractional integral of order ;1 > 0 of a function

w : RT — R is given by

a —L rr—s“*lws s
Pu(r) = o [ =9 e ds

provided the right side is pointwise defined on R™.

Definition 2.2. [28, 53] The Liouville-Caputo fractional derivative

of order ;1 > 0 of a function w : R™ — R is given by
“DFw(r) =1"""w"(r) =

where n = [u] 4+ 1, provided right side is pointwise defined on R*.

Lemma 2.3. [30] Let Re(u) > 0, w € C" ([0, +00)) and wY

exists almost everywhere on any bounded interval of RY. Then

(1" “Dyw)(r) = w(r) —

In particular, when 0 < Re(u) < 1, (I*“Diw)(r) = w(r) — w(0).

Lemma 2.4. Let w € C([0,T]), w' and & exist, then w(r) is a

solution of (2.1.1) if and only if

w(r) = wo — h(0,wy) + h(r,w(r)) + =— /Or(r — )" f(s,w(s)) ds.
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Proof. Suppose w(r) satisfies (2.1.1), then applying I* to both sides

of (2.1.1), we have
I*[°DH(w(r) — h(r,w(r))] = I* f(r,w(r)), 0 < r <T.

In view of Lemma 2.3 and the initial condition of problem (2.1.1),

we get

w(r) =wy — h(0,wy) + h(r,w(r)) + ﬁ /Or(r —s)" (s, w(s)) ds.

Conversely, suppose that w(r) satisfies equation (2.2.1). Then ap-

plying D" to both sides of equation (2.2.1), we obtain

Drw(r) = “D"[wy — h(0, wo) + h(r,w(r))+
1 " -1
o / (r — )" f(s,w(s)) ds
= “D'h(r,w(r)) + “DFI* f(r,w(r))
= “DFh(r,w(r)) + f(r,w(r))

“Dtw(r) — h(r,w(r)] = f(r,w(r))..

Then “D*lw(r) — h(r,w(r))] = f(r,w(r)) and the initial condition

w(0) = wy holds. O

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 2: Nonlinear L-C FDEs 30

2.3 Existence and uniqueness of solutions

In this section, first we need to construct two mappings, one
is contraction and other is completely continuous. Now, define the

operator ® : K — B by

(Pw)(r) = wo — h(0,wp) + h(r,w(r))+ (2.3.1)

1" -
m/o (r—s)" " f(s,w(s))ds

= (Pw)(r) + (Qu)(r),
where the operator P : K — B is defined as,
(Po)r) = i [ =97 (syus) ds
and the operator () : K — B is defined as,
(Qw)(r) = w(0) — h(0,wy) + h(r,w(r)).
Throughout this chapter, we assume that the following holds:

(C1) h, f € C([0,T] x [0,00),[0,00)) and h is non-decreasing on w.

(C2) Let w*,w, € K such that ¢ < w, < w* < d and satisfying

D (w*(r) = hr,w"(r))) = M(r,w"(r)),
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D (w.(r) = hr,w.(r))) < m(r,w.(r)),

for any r € [0, T]. The function w* and w, are respectively called

a pair of upper and lower solutions for the equation (2.1.1).

(C3) For u,v € B and r € [0,T], there exist a € (0,1) and 5 < 1
such that

|h(7“7 U’) - h(?“,’l})l S Q Hu - U” )

[f(ru) = flr, )| < Bllu—of.

We need the following lemmas to establish our results.

Lemma 2.5. Assume that [C1] holds. Then the operator P : K — B

15 completely continuous.

Proof. By [C1], f is continuous and nonnegative function, we get
that P : K — B is continuous. The function f : [0,7] x K — [0, c0)
is bounded, then 3 A > 0 such that 0 < f(r,w(r)) < A. We obtain
(P))| < s [ 0= 99 7o) ds
— T'(w) Jo 7

A [(r—s)"]"
I'(w) [ —p ]0

Art < ANTH
M(p+1) — T(p+1)

IA

Hence P(K) is uniformly bounded.

Now we will prove equicontinuity of P. Let w € K, e > 0, > 0
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and for any ry,ry € [0,T] with r; < ry such that |ro — 7| < 9. If

§ = [ 5/\“)} then we have

|(Pw)(ry) — (Pw)(r / (rg — s)* —(7“2—3)“_1||f($,w)\ ds
" ﬁ (ra = 5[ 1 (s, w(s)] ds
A : =Ly — g)P 1 ds
Sm i [(r1—s) (ro — )" ]d
+ﬁ (ro — s)" " ds
A " BNV
- F(M+1>[Tl — T +2(T2 1) ]
2) ,
PRSI
< €

Therefore P(K) is equicontinuous. Then by Arzela-Ascoli theorem,

P : K — B is completely continuous. ]

Lemma 2.6. Assume that [C1] and [C3] holds. Then the operator

Q : K — B is contraction.

Proof. By [C1] and initial conditions of problem (2.1.1), the operator

Q) : K — B is continuous. For u,v € K, we have

((Qu)(r) = (Qu)(r)| = [h(r; u(r)) = h(r,v(r)] < allu—of.

Thus [[(Qu)(r) — (Qu)(r)|| < a||lu — v||. Hence @ is contraction. [J
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Theorem 2.7. Assume that [C1] and [C2] holds, then there exists at
least one solution w(r) € B of the problem (2.1.1) satisfying w,(r) <

w(r) <w*(r), r €1[0,T].

Proof. Let U = {w € K : w.(r) <w(r) <w*(r),r € [0,T]}, endowed
with the norm ||w|| = mag lw(r)], then we have ||w| < I. Hence U
is a bounded, closed and convex subset of Banach space B. Moreover
by [C1], the continuity of h, f implies that the operator ® defined by
(2.3.1) is continuous on U. By Lemma 2.5, P : U — K is completely
continuous. Also by Lemma 2.6, () : U — K is contraction. Now,

we show that if u(r),v(r) € U then (Pu)(r)+ (Qu)(r) € U. For any

u(r),v(r) € U, we have w.(r) < u(r),v(r) < w*(r), then

(Pu)(r) + (Qu)(r) = uo — h(0, ug) + h(r, v(r))

+ ﬁ /OT(T — ) f(s,u(s)) ds
< g — h(0,up) + h(r,w*(r))

(2.3.2)

and
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Thus from (2.3.2) and (2.3.3), w.(r) < (Pu)(r) + (Qu)(r) < w*(r)
implying that (Pu)(r) + (Quv)(r) € U. Hence by Krasnoselskii fixed
point theorem, there exists fixed point w(r) € U such that

w(r) = (Pw)(r) + (Qw)(r), r € [0,T] in U.

Thus the problem (2.1.1) has at least one solution w(r) € U and

wy(r) < w(r) <w*(r), r €[0,T]. O

Corollary 2.8. Assume that, [C'1] — [C3] holds and there exists (1,

(o, C3, C4 such that

0<( <h(ryw) <G <oo, (ryw(r))e€l0,T]x]0,00), (2.3.4)

0<G< f(rw) <G <oo, (rw(r))el0,T]x][0,00). (2.3.5)

Then the problem (2.1.1) has at least one solution w € B. Moreover,

wo — h(0,wo) + (1 + C3F<:—:1) < w(r)
< wp — h(0,wp) + ¢ + QlF(,ur—:l)'
(2.3.6)
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Proof. By (2.3.5) and definition of control functions, we have

G < mr,w] < M[r,w] < {4, (r,w(r)) € [0,T] x [0,00). (2.3.7)

Now, we consider the equations

“Dylw(r) — Gl =G, w(0) = wo,

(2.3.8)
‘Dy[w(r) — G =G, w(0) = wy.
Then, equation (2.3.8) are equivalent to
w(r) = wy — h(0,wy) + ¢ + S /r(r —s)ds
U'(n) Jo
h "~
= wo — h(0,wp) + 1 + CSW
and
- . C4 /7” _o\u—1
w(r) = wy — h(0,wy) + & + T s (r—s)" "ds
h i
= wo — h(0,wp) + G2 + C4m-
Now taking into account (2.3.4), (2.3.7) we have
wi(r) = wy — h(0,wy) + 1 + G /r(r —s)"tds
U'(u) Jo
1 r
< wy — h(0,wy) + h(r, w, +—/ r— $)" tm(r,w,) ds

and

w*(r) = wy — h(0,wp) + o + F%;) /OT(T — s)ﬂ—l ds
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> wy — h(0,wp) + h(r,w*) + ﬁ /Or(r — s)" M (r,w*) ds.

Then it is clear that, w.(r) and w*(r) are respectively the lower
and upper solutions of equation (2.3.8). Therefore, an application of
Theorem 2.7, yields that the problem (2.1.1) has at least one solution

w € U C B and satisfies equation (2.3.6). O

Theorem 2.9. Assume that [C1] and [C3] holds and

sT"

Then the problem (2.1.1) has a unique solution w € U.
Proof. From Theorem 2.7 it follows that the problem (2.1.1) has at
least one solution in U. Hence for uniqueness of solution, we need

only to prove that the operator ® : K — B defined in equation

(2.3.1) is a contraction on B. For all &, & € U, we have

[D(&1) — ©(&2)| < [h(r, &u(r)) — h(r, &a(r))]

t i | = e 6) ~ Fs b)) ds
1 " u—1
<ale— &l + 16 &l g [ -9 ds

:a|fl—§2‘+ﬁ‘§1—52|m

BT
< <a+m> &1 — &
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Thus,

pT™
+1

Io(6) - 2(&)] < (a+ ony

> 161 — &l

Hence by equation (2.3.9), the operator ® is a contraction mapping.
Then by contraction mapping principle, we conclude that the prob-

lem (2.1.1) has a unique solution w € U. O

Example 2.1. Consider the following nonlinear fractional differen-

tial equation

D wlr) - ] = o 2+ ] 0<rst,

(2.3.10)

where wyg = 1, T =1, h(r,w) = ;ZE:% flrw) = ﬁ [2—'_ 2T+wvg7(d7)")}

and h(0,wy) = 5. Since h is non-decreasing on w, 152—@0 ;:ZE;; =1,

lim 5 {2—|— Tw(r)} =1and 3 <h(r,w) <1, 2< f(r,w) <1, for

wesoo 2T 1+w(r)

(r,w) € [0,1] x [0,00). Hence from Corollary 2.8, equation (2.5.10)

has solution which satisfies wy(r) < w(r) < w*(r), where w*(r) =

P

1
stim wl) = &+ 5%

(1)’

solutions of (2.3.10).

(=[]

j are respectively the upper and lower

e

Also  a+ % ~ 0.3106 < 1, then by Theorem 2.9 and (2.53.10)

has a unique solution which is bounded by w,(r) and w*(r).
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2.4 Conclusion

Krasnoselskii and Banach fixed point theorems are applied to study
the existence and uniqueness of solutions of nonlinear fractional dif-
ferential equation involving Liouville - Caputo derivative. Lower and
upper solutions for the considered problem are defined and applied

to study existence and uniqueness of the problem (2.1.1).
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3.1 Introduction

In the recent years, the theory of singular boundary value
problems has become an important area of investigation [18, 65, 68,
69]. The existence of solutions by using various methods such as
lower and upper solution method and fixed point theorem is proved.
In [76] X. Zhang et al. obtained the existence and uniqueness of
positive solutions when ¢ has singularities at » = 0 and (or)1 by
using monotone iterative method. In 2020 [60] S. Song et al. investi-
gated the existence of extremal solutions by using monotone iterative
technique coupled with lower and upper solutions for the problem

(

—Dy z(r) = g(r, 2(r)), r € [0,1],

A0) =0, (1) = / 2(s) dn(s),

where 1 < v < 2, Dy, is the Riemann-Liouville fractional derivative
and 7n(r) is a positive measure function. Y. Wang et al. [66] studied
the positive properties of the green function for the Dirichlet-type

problem

(

—Dg, 2(r) +az(r) =g(r,2(r)), 0<r<l1,
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where 1 < v < 2, a > 0, Dy, is the Riemann-Liouville fractional
derivative. Y. Wang et al.[67] established the existence of positive
solutions for resonant problem.

Inspired by the aforementioned works, in this chapter we prove
the following problem have minimal and maximal solutions using

monotone method:

’

Dy z(r)+g(r,z(r)) =0, 0<r<l1, [-1<v<l,

\z(k)(O) =0, 0<k<Il-2 =2(1)= /Olz(s) dn(s),

(3.1.1)
where, Dy, is the Riemann-Liouville fractional derivative of order
[ > 2,1 €N, g has singularities at r = 0 and (or) 1, n is a function of
bounded variation and / 1 2(s)dn(s) denotes the Riemann-Stieltjes

0
integral of z with respect to n, dn can be signed measure .

The layout of this chapter is as follows: In section 3.2, we
present some basic definitions and lemmas that will be used to prove
our main results. Section 3.3 is devoted to uniqueness of solution to
problem (3.1.1) by using Banach contraction principle. In Section
3.4, we develop monotone iterative method and applied to obtain ex-
istence and uniqueness results for Riemann-Liouville fractional dif-

ferential equations with integral boundary conditions.
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3.2 Basic Results

In this section, we present some useful definitions and lem-
mas that will be used in the next section to attain existence and

uniqueness results for the nonlinear problem (3.1.1).

Definition 3.1. A function g € C([0, 1]) is called a lower solution
of the problem (3.1.1)

if it satisfies

2

Dy ao(r) + g(r,io(r)) >0, O0<r<li-1<v<l,

i0)=0, 0<k<l-2 :'co<1)§/1:'co(s)dn(s)-
' (3.2.1)

Definition 3.2. A function gy, € C([0, 1]) is called a upper solution

of the problem (3.1.1)

if it satisfies

’

Dy o(r) +g(r,go(r)) <0, 0<r<l I-1<v<l,

< 1
0 =0 0<k<io2 () / o(s) d(s).
' (3.2.2)
Denote
v—2 - rk
P =t t 2 D((k+ L)y —2)

k=1
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It is easy to check that (see [66, 67])

and

Therefore, there exist a unique a* > 0 such that p(a*) = 0.

Set

Ga(r) = r”flE%V(ar”), where E, ,( Z

21 k+1

(3.2.3)

is the Mittag-Leffler function ([30]).
For convenience, we list here the following assumptions.
[B1] the parameter a satisfies a € (0, a*],

) is bounded variation in (0, 1) such that 0 < o < 1,
o= / Ga(s)dn(s
and 0 < (,(s) /Hv“s)dn()0<G /G ) dn(s
[Bs] g € C((0,1) x [0,00),[0,00)) and

g(r,u) —g(r,v) > —a(u —v) for &g < u <v <y, re(0,1)
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Set
Ka(r, ) = Ha(r,5) + Ga(r)*(5)
where,
B (s) = G%()S)_ .
Hors) — ] JGa(r)Ga(l ) Gulr—Gu(1), f0<s<r<1

Go(r)Go(1 — s), fo<r<s<l1
\

(3.2.4)

Lemma 3.3. [66] Suppose that [B1] holds and y € L[0,1]. Then the

problem
(

—Dg, 2(r) +az(r) =q(r), 0<r<l1,

has a unique solution

z(fr’):/O H,(r,s)q(s) ds,

where

’

1 Go(r)Go(1 —5) — Gu(r — s)G(1), if0<s<r <1

Ga(r)Go(1 — s), if0<r<s<i1

\
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Lemma 3.4. Suppose that [B1], [B2] hold and y € C([0,1]). Then

linear fractional boundary value problem

;

Dy z(r) —az(r)+4q(r)=0, 0<r<l1, I-1<v<],

AD0) =0, 0<k<l—2 (1) = /1 +(s) dn(s),
" (3.2.5)

\

has the following unique solution

z(fr):/O K, (r,s)q(s) ds.

Proof. First apply I” on linear equation (3.2.5) and using result, see

in [30], we get

2(r) = — /07“ Go(r — 8)q(s) ds + CoGa(r) + C1G, (r)+  (3.2.6)

CoGa(r) + ...+ Cr G ()

Since z(0) = 0 then Cj_; = 0.

Similarly z'(0) = 2"(0) = ... = 2/72(0) = 0 gives
Ci=Cy=...=C;2=0
Then equation (3.2.6) becomes

2(r) = — /07“ Ga(r — s)q(s) ds + CoG(r).
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1
Using 2(1) = / z(s) dn(s), we obtain
0

%zQLJAQ@M@+AQMLﬂm>d

Hence,

gg; Uolz(s) dn(s)+/01 Ga(1 — s)q(s) ds]
—— [ Gulr =) g%ﬁuwmm

Gl Ga(r) [*
G’al /G (1 —s)q dS+Ga(1/Ga

(1) / (Gu(r)Go(1 — 5) — Go(1)Go(r — )] q(s) ds

e
1 1 Ga(r) !
# G, CulrIGalt = ate)ds + G [ 2ts) dnt)
= [ st ds + [ s ants
Let
AZ@@@:A[Om@mmwwww
[ oo [
Therefore

| Gt [ ordnte) = [1] tatr) drlans)
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/01 z(s)dn(s) = 1 /11Ga(3) o /01 /01 H,q(7) drdn(s)

Therefore

[l
Lemma 3.5. Suppose [B1], [B2]| holds, then the function K,(r,s)
has the following properties:
1. Ku(r,s) >0 Vr,se(0,1)

2. Pa(s)r' ™ < Ko(r,s) < hi(s)r’™, Vs €(0,1)

where, 1(5) = Ga(1 = ) + Go(DH* (), (s) = Fhyh*(s).
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Proof. We need to prove that (2) holds. By equation (3.2.3)

’I“V_1 b1 0 ak,ryk: -
I'(v) = =7 ;mér G.(1), re(0,1)
(3.2.7)
° pk+1)r—2
kz:; T A (3.2.8)
" B 00 ak[(k + 1)V _ 2]7n(k+1)u—3
Calr) = ; F((k + 1)y — 1)
- = aF W — 2]
- kzzo r( k; 1y —1)
_ -3 v -2 = ad"r*[(k + 1)v — 2]
- F(V—l)Jr,; T((k+1)v—1) ]
_ -3 : v—2 - akrhv
- _F(V—1)+;F((k+1)u—2)
=" p(ar’) <" Pp(a) <" Pp(a’) =0, 1€ (0,1)
(3.2.9)

which implies that G,(r) is strictly increasing on (0,1) and G, (r) is
strictly decreasing on (0, 1).

Therefore by (3.2.7) we have,

K, (r,s) = Hy(r,s) + Ga(r)h*(s)
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= 77/}1<3)7"V_1 (3210)

where, 11(s) = G,(1 — s) + G,(1)h*(s).
On the other hand, when 0 < r < s < 1. Note that G,(0) = 0 and

monotonocity of G,(r), it is clear that

Gao(r)G,(1—5)>0 (3.2.11)

Hence H,(r,s) > 0 and by [B2], K,(r,s) >0 when 0 < r < s < 1.

When 0 < s <r < 1, we have
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Then, by (3.2.4), (3.2.11), (3.2.13), we get

Hy(r,8) = Go(r)Go(1 — 8) — Go(r — s)Go(1) >0 r,s € (0,1)

Now,

Tu—l
> * — v—1 1
> F(u)h (s) =a(s)r" " >0 r,se(0,1)
where, 19(s) = ﬁh*(s). Hence the proof. O

Lemma 3.6. For 0 <ry <ry <1,

].‘(;a(rz)'—'(;a(T1)|<< llay_l(a)\rg —-T1|:: (;a(1)|T2'—-T1L
2. |Go(ra — s) — Go(r1 — s)| < By p-1(a) [re — ri| = Go(1)|r2 — 1],
8. |Hy(ra,8) — Hy(r1, 8)| < 2[Go(1)]?|7r2 — 141,

4. |Kqu(re,s) — Ky(r1, )| < max |Ky(re, s) — Ku(ry, s)|

0<s<1

< Gu(D)[2Ga(1) + [h*(s)[l]r2 = ]
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Proof.

— |-t Z a*ry" _ -l i atry

P & T(k+1y) D (k1))

_ i ak 7nu(k‘—i—l)—l . 7"V<k+1)_1‘
D((k+1v)l? L

Applying mean value theorem, we get
r;(kﬂ)_l — TT(HI)_l < [v(k+1)—=1](rs — 7).

Therefore

—~ I((k+1v)
:;F((/@Jrl) —ylrz

2] |Ga(r2 = 5) = Ga(rs = 5)| = [(r2 = 8)" ' Ey(a(ra — 5)")—
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_o\v(k+1)—1
;F kt ) s)

(Tl o S)u(kz—l—l)—l | .

Applying mean value theorem, we get

(ro — )TV () — )/ D=L [k 4 1) — 1] (19 — 7).

Therefore
0 ak
1Go(ra — s) — Galr; — 8)| < kz_: (I )|r2 — 1

=E, ,_1(a)|rs — 1| = Galra — 1.

Bl [Ha(rz, s) = Ha(r1,8)| = [|Ga(r2) Ga(l = 8) = Ga(1)Ga(r2 = 5)]
— [Ga(r)Ga(l = 5) = Ga(1)Ga(r1 — s)]|

< Go(l = 8)[Ga(r2) = Galri) |+
Ga(D)|Galrr = 8) = Ga(ra — 5)|

< Go(l = 8)Ey,u(a)lra — |+
Ga(1)Ey, v(a)lra — 1]

= E,,(a)[Ga(1 = 8) + Gu(1)][ra — 71|

= Ga(1)[Ga(1 = 5) + Ga(1)]|ry — 1]

< 2[Go(1)]?|ry — 7).
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[4] [ Ko (12, 8) — Kq(r1,8)] < max |K,(ra, ) — Ku(r1, 9)|

0<s<1

= max |[Ha(7“2, S) — Ha(ﬁ, 3)” +

0<s<1
[Galr2) — Ga(r1)]h"(s)]
< 2Go(D)P|ry = 11| + Ga(1)|ry — ri|[h*(s)]

= Ga(1)[2Ga(1) + |h7(s)]][r2 — 7]

Hence the proof. H

3.3 Main results

Let € = C([0,1]) be endowed with the norm ||z|| = max |z(r)|, then

0<r<1

(%, ||-||) is a Banach space. Now, define the operator T': € — % by

1
T0) = [ Kulrs)gls. 25) ds
0
Theorem 3.7. A mapping T : € — € s uniformly continuous.

Proof. The operator T' : € — % is continuous in the view of non-
negativeness and continuity of K,(r,s), H,(r,s) and g(r,z). Let
S C % be bounded i.e. 3 a positive constants M > 0 such that
2] < MV z € S, Let L* = max |g(r, z)| then by Lemma 3.5 the

operator T': S — % is bounded uniformly.

Now to prove T(S) is equicontinuous.
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IfzeS, 0<ry<ryg<l1then

|(T'2)(ra) = (T2)(r)| =

< max/ | Ko(re,8) — Ku(r1, )| |g(s, 2(s))| ds
< L*G,(1 )\7“2—7’1\/ 2G,(1) + |h*(s)|] ds

< L'Ga(1)lrs — 1][2Ga(1) + /Olh*(s)\]ds-

Then |(Tz)(re) — (T2)(r1)] — 0 uniformly as 71 — r5. This shows
that 7'(S) is equicontinuous on €. Then by Arzela-Ascoli theorem,

the operator T': € — % is completely continuous. ]

Theorem 3.8. Assume that [Bl], [B2] holds. If there exists non-

negative constant N* such that function g(r,x) satisfies
\g(r,x)—g(r,y)\ SN*‘x_yL T€(071)7 x,ye%

1
and let A = / Y(s)ds then the nonlinear problem (3.1.1) has a
0

unique fized point.
Proof. For any x,y € ¢, r,s € (0,1) and using Lemma 3.5

[Tx(r) = Ty(r)l| = max [Ta(r) — Ty(r)]

0<r<1
= ()Igﬁlgxl /0 Ka(ra S)[g(’)”, l’) - g(’l", y)] ds
1
= Onglgécl/o | Ku(r,8)||g(r, z) — g(r,y)| ds
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1
<IN~y / B(s) ds
0

=" IN*A |Ju — |

Then by Banach contraction mapping theorem, T has a unique fixed

point in €. Hence the nonlinear problem (3.1.1) has unique solution.

[]

3.4 Monotone Iterative Method

In this section, we develop monotone iterative technique combined
with the method of lower-upper solutions and we prove the existence
and uniqueness theorem of solution for problem (3.1.1).

For &g, 9o € € with iy < g, for r € (0, 1), we denote
QO = [jfo,yo] = {Z EC 1y < Z(?“) < Yo, T E (0,1)}
Lemma 3.9. Assume that [B1], [B2] holds and z(r) € € satisfies

— D"2(r) +az(r) >0

AD0)=0,  2(1)> /O 2(s) dn(s) (3.4.1)

then for r € (0,1), z(r) > 0.
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1
Proof. Let q(r) = —D"z(r) + az(r) and d = z(1) —/ z(s) dn(s).
0
Then from equation (3.4.1), we have ¢(r) > 0, d > 0. Then by
Lemma 3.4, the problem (3.2.5) has unique solution which can be

expressed as

z(fr’):/o K, (r,s)q(s)ds

— /01 H,(r,s)q(s)ds + /01 Hy(r, s) dn(s)

where,

’

1 Ga(r)Go(1 —5) — Gu(r — s)G,(1), if 0 < s <r <1

Go(r)G,(1—s), f0<r<s<1

\
Then by Lemma 3.5, H,(r,s) > 0 and K,(r,s) > 0V r;s € (0,1).

Hence z(r) > 0, for all r,s € (0, 1). O

Theorem 3.10. Suppose [Bl], [B2], [B3] holds, then there exist
monotone iterative sequences {Zn,}, {Um} C Q° such that &, — &,
Un — ¥ as m — oo uniformly in Q* and x, y are minimal and

maximal solutions of problem (3.1.1) in Q* respectively.
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Proof. For &,_1, Ym—1 € €, m > 1, we define two sequences {i,,},

{9m} respectively by the relations,

;

Dy & (1) — a(@m (1) + Time1 (1)) + g(r, Eppea () =0, 0<r <1

D 9m (1) — a(Pm(r) + Ym-1(r)) + g(r, Ym—-1(r)) =0, 0<r <1,

(k) = ) = 1' S S
i00) =0, (1) = / n(3) dn(s)

Then by Lemma 3.4, {%,,}, {ym} are well defined. Firstly we need

to

show that &o(r) < @1(r) < 91(r) < go(r) for any r € (0, 1).

Set p(r) = &1(r)—2o(r) and by definition of 24 (r) with lower solution

to(r) we get,

—Dg,p(r) +ap(r) = —Dg, (21(r) — o(r)) + a(@1(r) + 2o(r))
= —Dg, 21(r) + a(Z1(r) + 2o(r)) + Dy, 2o(r)
> —a(i(r) + do(r)) + g(r, do(r))+

a(dy(r) + ao(r)) — g(r, do(r))
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> [Cansyan) - [ noyants
= [t~ 2o ants) = [ oo

Then by Lemma 3.9, p(r) > 0 = &1(r) > 2o(r), r € (0,1).
Now to prove g1(r) < go(r) vr € (0,1), set p(r) = 41(r) — go(r) and

by definition of ¢;(r) with upper solution y,(r) we get,

—Dg,p(r) +ap(r) = =D, (41(7) = 90(r)) + a1 (r) + 4o(7))
= =Dy 91(r) + a1 (r) + 9o(r)) + Dy, 9o(r)
< —a(@i(r) +9o(r)) + g(r, go(r))+

a(gr(r) + go(r)) — g(r, go(r))

Then by Lemma 3.9, p(r) < 0 = ¢1(r) < go(r), Vr € (0,1).
Now to prove @1(r) < ¢i(r) Vr € (0,1). Set p(r) = 91(r) — z1(r).

Then by [B3] and definition of @1(r), 91(r), we get

— Dy, p(r) = =Dy [91(r) — a1 (r)]
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= =Dy, (r) = [= Dy (r)]

= 9(r,90(r)) — alga(r) — go(r)]—
lg(r; @o(r)) — al@1(r) — Zo(r)]]

= lg(r,90(r)) = g(r, 20(r))] = alga(r) = go(r)]+
ali (r) — @o(r)]

> —a(go(r) — 2o(r)) — algr(r) = gol(r)]+
ali (r) — @o(r)]

= —a(y1(r) — 21(r))

Then by Lemma 3.9, p(r) > 0 = 41(r) < ¢1(r) Vr € (0,1). Now by

mathematical induction, it is easy to verify that

To(r) < aq1(r) < do(r) < .o < Zp (1) < Y1) < oo tn(r) < go(r).

Thus the sequences {Z,,}, {#} are uniformly bounded and monoton-
ically non-decreasing and non-increasing in 4. Hence the point-wise

limit exist and are given by lim &,,(r) = (1), lim y,(r) = y(r) on
m—00 m—0o0
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%. Next we claim that @(r) and §(r) are the minimal and maximal
solutions of problem (3.1.1). Let z(r) be any solution of problem
(3.1.1) different from @(r) and g(r) in Q*. So there exists some i
such that z;(r) < z(r) < gi(r), r € (0,1). Set pi(r) = 2(r) — Zi11(r).

So that, by assumption [B3], we obtain

—D'pi(r) = —=D"2(r) — (—D"di41)
= g(r,z(r)) — [g(r, &:(r)) — a(@i1 (r) — &:(r))]
= [g(r, 2(r)) — g(r, 2(1))] + a(Zi11(r) — @:(r))
> —a(z(r) — &i(r)) + aldi (r) — @i(r))
= —alz(r) — @i(r) — & (r) + @:(r)]
= —a(z(r) — 41(r)) = —apy (r)

1 (0) = 0, mnzlm@M@

Then by Lemma 3.9, p1(r) > 0 implying that @;41(r) < z(r) for all

i. Similarly set po(r) = 9;11(r) — 2(r) and using [B3] we obtain

~DValr) = =D"fia(r) = (~D"x(r)
= 9 5:(r)) = algin () = 31()] = g0 2(1)
= 9l 5:(r)) = 90 2()] = s (r) = 31(1)
> —a(i(r) — () + algin (1) = (1))

= —a[y'i(r) — Z(?“) — y’m(?“) + yl(r)]
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= —a(gir1(r) — 2(r)) = —apa(r)

(k) . B b < <
pP0) =0, (1) = / Pa(s) din(s)

Then by Lemma 3.9, po(r) > 0 implying that z(r) < g;41(r) for
all i. Hence @;11(r) < 2(r) < 9ip1(r), r € (0,1). Since 2o(r) <
z(r) < 9o(r) on €. Hence by induction method, it follows that
t;i(r) < z(r) < g;(r) for all 7. Taking limit as i — oo, it follows
that 2(r) < z(r) < y(r) on €. Thus the functions @(r), y(r) are the

extremal solutions of the problem (3.1.1). O

Next we prove uniqueness of solutions of the problem (3.1.1).

Theorem 3.11. Assume that

1. |Bi1], [Bs], |Bs] holds,

2. there exists a > 0 such that the function g satisfies the condition
g(r,v) —g(r,v") < a(v—v") (3.4.2)
for g < v <v* <o, r € (0,1).

Then the problem (3.1.1) has a unique solution in €.
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Proof. We know #(r) < y(r) on €. It is sufficient to prove that

z(r) > y(r). Consider p(r) = y(r) — @(r). Then we have

—D'p(r) = —=D"5(r) — (=D"i(r))
= g(r,y(r)) — g(r,@(r))

< —a(i(r) — #(r)) = —ap(r)
and
pP(0) =0, (1) = / p(s) diy(s)

By Lemma 3.9, p(r) < 0 implying that y(r) < @(r).

Hence @(r) = g(r) is the unique solution of problem (3.1.1). O

3.5 Conclusion
1. By implementing Banach contraction mapping theorem it is
shown that the mapping 71" has a unique fixed point in % .

2. Monotone iterative sequences {,,} and {y,,} converging uni-

formly to & and y as m — oo respectively.

3. Monotone technique developed is applied to prove that z, y are

minimal and maximal solutions of problem (3.1.1) in Q*.

4. Uniqueness of solutions of the nonlinear problem (3.1.1) with

integral boundary conditions is also obtained.
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4.1 Introduction

In 2020, Derbazi et al. [20] developed monotone iterative tech-
nique to study the existence and uniqueness of solution for initial
value problem of nonlinear fractional differential equations including
y-Caputo derivative. Dhaigude et. al. [26] have proved the existence
and uniqueness of solution of nonlinear boundary value problems for
Y-Caputo fractional differential equations by applying monotone it-
erative technique. Abdo et. al. [3] investigates the existence and
uniqueness of solutions of boundary value problems for -Caputo
fractional differential equations.

Motivated by their works, in this chapter, we consider the exis-
tence and uniqueness of solutions of the following nonlinear boundary
value problems [BVP] involving 1-Caputo fractional derivative

DMV2(r) = f(r,2(r)), r€J=]ab],
(4.1.1)

where D" jrw is the —Caputo fractional derivative of order
1,0 < pu <1, f:J xR — Ris a given continuous function and
a*,b* € R. Monotone iterative technique combined with coupled
lower-upper solutions is developed for nonlinear BVP (4.1.1) and

qualitative properties of solutions such as existence-uniqueness are
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obtained.

This chapter is organized as follows: In section 4.2, some basic
definitions and useful lemmas are given. In section 4.3, lower-upper
solutions of boundary value problem for y-Caputo fractional differ-
ential equation are introduced. Monotone technique is developed

and successfully applied to obtain existence-uniqueness of solution

of nonlinear BVP (4.1.1).

4.2 Preliminaries

In this section, we deduce some preliminary results required in the
next section to attain existence and uniqueness results for nonlinear
BVP (4.1.1) involving ¢-Caputo fractional derivative. Let J = [a, b],
where 0 < a < b < oo, be a finite interval and ¢ : J — R is an

increasing differentiable function such that «/(r) # 0,for all r € J.

Lemma 4.1. [7] Let pu,v > 0, and z € L*(J,R). Then

M2 (r) = 1MV 2(r) ae., v € J.

In particular, if z € C(J,R), then I"V 1"V 2(r) = I"Yz(r), r € J.

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 4: Nonlinear BVP... 1p-Caputo derivative 66

Lemma 4.2. [7] For u > 0, the following holds:

If z(r) € C(J,R) then
CDZf/’]“’wz(r) =z(r), r € J.

Ifze C"Y(JR), n—1<pu<n, then

n—1 k]
2 (a
Ic’lﬁchZ;wz(r) = z(r) — v (@)

1 I = (@)™ = sl ) — (@),

2. <Dl [(r) — P(a)]" ™" = s [(r) — (a)] 7!

3. DMVI(r) — ¢(a)* =0, for all k € {0,1,...,n — 1}, n € N,

Lemma 4.4. [3] If pn > 0 and z,v¢ € Cla,b], then

1. Igﬁw(.) is linear and bounded from Cla,b] to Cla,b.
2. 1" 2(a) = lim,, I*"2(r) = 0.

Lemma 4.5. [3] Letn—1 < p <n, g € C(J,R) and ¢ is increasing
and ' (r) #0, for allr € J. A function z(r) € C"[a,b] is a solution

of the fractional boundary value problem

Dilz(r) = g(r),  rel.
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[k}(a):zk k=0,1,2,...n—2; zq[/)n 1](b) = 2,

where 2%, z, € R, if and only if 2(r) satisfies the following fractional

integral equation

2(r) =) 5l(r) — v(a))+

k
EESO TR0
| -2 T (i —n+2)

] () — pla)

p(r a -
_<n[—(1§w—)i+1 / V(s ()1 "g(s) ds

1 /
v / F () (r) — w(s)]Pg(s) ds.

4.3 Main Results

In this section, we develop monotone iterative technique and prove
the existence and uniqueness of solution of the nonlinear BVP (4.1.1)

involving y-Caputo fractional derivative.

Lemma 4.6. For a given g € C(J,R) and p € (n—1,n), withn € N.
A function z(r) € C"a,b] is the solution of the linear fractional

boundary value problem

Zg[f](CL):Zs: k=0,1,2,...n—2; (431)
00) = 2,
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where 2%, 2, € R, if and only if z(r) satisfies the following fractional

integral equation

:
1\3

k
a

N

2(r) = —,W( r) — (a)]F + M[(r) — ¥(a)]""
k=0
+— / (s ()" g(s) — mz(s)] ds
(4.3.2)

where,

) lg(a) — mz(a)][y(b) — ¥(a)]* !
Sy (n—2)T(—n+2)

1 b
- Tt [ PO = ()~ m(s)] ds

Proof. First assume that z(r) € C" ![a,b] be a solution to problem

(4.3.1). By Lemma 4.2,we have

2(r) = co +a(r) = P(a)] + efp(r) — () + ...+
Cp— 1[¢( )]n—l
+——/H¢ ()" lg(s) — ma(s)) ds.

(4.3.3)

Using (4.3.3) we get,
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69

Now

Z(r) =/ (r) + 2e[Y(r) —P(a)ly'(r) + ...+
(n = e s [9(r) = $(a)]" 2/ (1)
d_1 L "g(s) —mz(s)] ds
+om | VO = o) - me()ds
= /() + 26 (r) — (@ () + .+
(0 = e a[9(r) = (@) (1)
- @ [00) = (@) g() = me(a)]
_|_

['(p)
1 r / n—2 /7“ s) — mz(s S
rrs [ VOO~ PO e) el ds
Z'(r)

~ ()

Similarly,
o, 0]
w0 =

= 2¢9 + 6c3[0(r) — Y(a)] + ...+

(n—1)(n = 2)epa[o(r) — ()]
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- F(u2 0 W(T) — ()] *g(a) — mz(a)]]

[g(s) — mz(s)] ds.

zf(a) =22 =2 =cy = 2|

Repeating this process we get,

PR )|
IS

= (TL — 1>!Cn,1—

(TL _ 1) p—n+1
Fou gy [0) — @) lo(a) — m(a)]

! o g — mz(s)] ds
5 | PO = v lale) — ma(s))d

LA 0) = 2 = (- Dley—

(n—1) —
T(i—n+2) [[1(b) — ¥ (a)] lg(a) — mz(a)]]

1 b, P
e [ Y0 = o) — me(s) ds.

Therefore
ors = 2 @ = m@I () — Yl
B (n (n—n+2)

o
T [ ) - vl - me(s)] ds
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Hence equation (4.3.3) becomes

Zb

k_a[¢(r) - ¢<a)]k + (TL - 1)|

a) mz(a)][¥(b) — (@)
(n—2)'F( —n—|—2

_m_wr_%+ /¢ [ (b) “g(s) — m(s)] ds

*ﬁalws (r) — (s)*g(s) — mz(s)] ds.

4ﬂ=

_|_

oyl
- ||
w

I

[(r) = W(a)]"!

This equation can also be written in the form

3
w

k
a

N

2(r) = 7wm—¢m]+Mwu ()"
k=0
T / vis ()" lg(s) = ma(s)] ds,
where,
& lg(a) — mz(a)][y(b) — ¥ (a)]* !
MFW%—DVF (n—2)T(u—n+2)
1

b
- T, YO — vl ) — ma(e)]ds

To prove the converse, we apply CDZf/’ to both sides of equation

(4.3.2) and using Lemma 4.2, we obtain

"D’ z(r) = DI IV [g(r) — ma(r))

= g(r) —mz(r)
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= “D"VY2(r) + mz(r) = g(r).

It is clear that 20 = 2,. Also the direct computations leads to

BUNT;
ey [qu (r)]
TS
n—2 Zk
= (]{3 :02)' W(T) - ¢(a)]k_2+
k=2
(n — 1)(n -2)M ) Y(a)]"?
()" lg(s) — mz(s)] ds,

and so 25 ](a) = z;. Repeating this process, we write
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Taking 7 — a in equation (4.3.4), from continuity of g(r) and using

Lemma 4.4, we conclude that zq[; _2](a) = 22 Now

(n—l) i =) (i—n+2)

— 2 (@) —ma@] ) — (e

) (DT < / V(s ()" a(s) = ma(s)) ds
Wt 1) / () — () g(s) —ma(s)] ds

b
== oy [ V) = VP lale) - mx(s)) s

1 W g —mz(s)|ds
Fu—n+1)/G¢(3)[¢(T>_¢(S)] [9(s) (s)]ds.

(4.3.5)

Taking » — b in equation (4.3.5), from continuity of ¢ and using

Lemma 4.4, we conclude that zq[: 71](()) = 2. O

Lemma 4.7. For a given g(r) € C(J,R) and p € (n — 1,n], with
n € N, the linear boundary value problem (4.5.1) has unique solu-

tion (4.3.2). Moreover, the explicit solution of the Volterra integral

equation (4.3.2) can be represented by
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where E,,(.) is the two-parameter Mittag-Leffer function.

Proof. By Lemma 4.6, linear BVP (4.3.1) has a solution (4.3.2).

Note that the equation (4.3.2) can be written in the following form

where the operator T is defined by

T1:(0)] = -ﬁwm—me+Amw0—w@W*—mm%@H

Wﬁw

I g(r).
Let n € N and z,y € C(J,R). We have
T (@)(r) = T'(9)(r)] = [=m I (T () () = T () ()|

= |~mr (—mrs (T @) - T2 0)0))]

= |(=m) T (@) () = W)()]

(mly ( ) U(a)]")
([ ( ) P(a))’ )l
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for every ¢+ € N and z,y € A. Let 0; = (miw’r((bi);ﬂ()a)]m). Using

generalized Mittag-Leffler functions, we have

Hence series Z 0; converges. Thus the mapping 7" is a contraction.
Applying Weii:sginger’s fixed point theorem, it follows that 7' has
a unique fixed point. Hence equation (4.3.1) has unique solution
z(r). Applying method of successive approximations to prove that

the integral equation (4.3.2) can be expressed by equation (4.3.6).

For this, set

\}

20(r) = ) 250 (r) = (@) + M[p(r) — (o),
k=0
(1) = 20(r) = i [ W) = )z ()

+ﬁ%/ﬂﬂﬂwm—wmww$@.

21(r) = 20(r) — mlc’jfpzo(r) + Iéﬁwg(r)
n—2 Zk
=3 () — (@) + Mu(r) - pla))" -
k=0
— 25 F(k + 1 pt
) v
—mMNSRMww bl + I g (r)
n—2 Zk
=Y 5lo(r) = (@) + Mw(r) —(a))" -
k=0
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me ROy ) — )

[ (r) = (@)t 4+ I g (r).

n—2 Zk .
I'(n) prAn—1
2N~ al(pt k4] s
+m mu+k+1w@u+k+1wﬂﬂ_¢“” '
+ mQM F( )F(/“L + TL) [w(r) . Zp(a)]Qqukfl_

L Clp+k+1)
~Cm)ME()
I e UGR)
r 2 —m l r) — S lp+p—1

n—2 (—m)lzk
T A Ol

> S () = (e
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1

r q— —m) b (r) — () thr—1

P +n)

Taking limit as ¢ — oo, we obtain the following explicit solution z(r)

to the integral equation (4.3.6).

L Clp+k+1)
- (—m)lMF(n) ptn—1
+ /r Y'(s) (=m) W;Z;ﬁ;ff;” " g(s)ds
_ — k k - (_m>l I
=2 Kb (r) — v(a)] Zoj e TGO
n—1 - (_m)l I
+ MT(n)[io(r) = ¢ (a)] ; i g V) — ¥
# [ ) oY ) — ()]s ds
) = 3 ) — H(@)] By (~m((r) — b(a)")

This proves the Lemma. ]
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Lemma 4.8. (Comparison Result). Let u € (0,1] and m € R. If

p € C(J,R) satisfies the following inequalities
CDgf/}p(r) > —mp(r),pla) >0, pb) >0, re.d, (4.3.7)
then p(r) >0 for allr € J.

Proof. Let g(r) = CDZf’[)p(T) + mp(r) and p(a) = a*, p(b) = b*, where
a*,b* € R. Then from Equation (4.3.7), g(r) > 0 and a* > 0, b* > 0.
We know that E, ;(z) > 0, E, ,(z) > 0 for all p € (0,1], z € R (see
[53]) and M > 0. Then using the integral representation (4.3.6), we

obtain that p(r) > 0 for all r € J. O

Definition 4.9. A function zy € C'(J,R) is said to be a lower solu-

tion of the nonlinear BVP (4.1.1), if it satisfies
CDgf/}xo(r) < flryxg), wo(a) <a*, xz9(b) <b*, rel

Definition 4.10. A function yy € C(J,R) is said to be a upper

solution of the nonlinear BVP (4.1.1), if it satisfies

D'Pyo(r) > f(r,w), wola) >a*, yo(b) >b*, r€J,

Theorem 4.11. Let f(r,z(r)) € C(J x R,R). Assume that,

(Hy) There exist xg,yo € C(J,R) such that x¢ and yy are lower and
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upper solutions of nonlinear BVP (4.1.1), respectively, with xy < yq,
reJ.

(Hs) There exist a constant m € R such that

f(?“,y) —f(T,iL’) > —m(y—m) fOT’ Lo ngygy()

Then there exist monotone iterative sequences {x,} and {y,} con-
verging uniformly on the interval J to the extremal solutions of non-

linear BVP (4.1.1) in the sector [xo,yo], where
(20, yo] = {2 € C(J R);zo(r) < 2(r) < yo(r), r € J}.

Proof. For any w € [xg, ], we consider the following linear BVP of

fractional order

DIV 2(r) = flr,w(r)) — m(z(r) —w(r), e,
(4.3.8)

Then the linear BVP (4.3.8) has unique solution z(r).

Define the iterates as follows and construct the sequences {z,} and

{yn}:

D"V (r) = fr,2n) — m(za (1) — 2a(r)), 7€ J,
(4.3.9)

Tpi1(a) =a*,  zp41(b) = b,
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and

DYy (8) = F(ryn) = m(ynia (r) = ya(r)), 7€ J,
(4.3.10)

Ynt1(a) =a*,  ynp1(b) =0

Firstly we need to show that zo(r) < z1(r) < y1(r) < yo(r) for any
reJ.
Set p(r) = x1(r) —xo(r) and from (4.3.10) with lower solution xz(, we

obtain

“Dyp(r) = “Dilai(r) — Dl (r)
> f(r,zo(r)) —m(a1(r) — zo(r)) — f(r, 20(r))
= —m(21(r) — xo(r))
= —mp(r),

and p(a) = x1(a) — zo(a) = a* — zo(a) > 0,

Then by Lemma 4.8, p(r) > 0, for r € J, implies that zo(r) < x1(r).
Similarly, set p(r) = yo(r) — y1(r). From (4.3.9) and definition of

upper solution, we obtain

DL p(r) = D () — D)

= f(ry0(r)) = f(ry0(r) +m(yu(r) — yo(r))
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= —m(yo(r) — y1(r))
= _mp(r)v

and p(a) > 0,p(b) > 0.

Then by Lemma 4.8, p(r) > 0, for r € J, implies that y;(r) < yo(r)
for r € J.
Now to prove, z1(r) < yi(r) for r € J, set p(r) = y1(r) —21(r). From

(4.3.9), (4.3.10) and (Hj), we get

“Dip(r) = “Di¥yi(r) — “Diai(r)
= f(r,y0(r)) = f(r,20(r)) — m(yi(r) — yo(r))+
m(a1(r) — xo(r))
> —m(yo(r) = zo(r)) = m(yi(r) = yo(r))+
m(a1(r) — xo(r))
= —mp(r),

and p(a) = 0, p(b) = 0.

Then by Lemma 4.8, p(r) > 0, for r € J, implies that z1(r) < y;(r)
forr € J. Thus zo(r) < z1(r) < y1(r) < yo(r) for any r € J. Assume
that n > 1, z,_1(r) < 2,(r) < yu(r) < yp_1(r) for any r € J. We

claim that z,(r) < z,11(r) < Ypi1(r) < yu(r) for any r € J. To
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prove this, set p(r) = x,11(r) — x,(r).

“D!Pp(r) = CDM i (1) — DMy (1)
= f(r,an(r)) = m(@na(r) — zn(r)) — f(r,zp(r)+
m(2n(r) — xn-1(r))
= —m(n(r) = Tp-1(r)) — m(@na(r) — za(r))—
m(@n(r) — zn-1(r))
= —m(Tp41(r) — zn(r))
= —mp(r),

andp(a) =0, p(b) = 0.

Then by Lemma 4.8, p(r) > 0, for r € J, implies that z,(r) <

Tp41(r). Similarly we prove z,11(7) < yp11(r) and yn1(r) < yu(r).

By principle of mathematical induction, we have

ro(r) <ax1 < ... <2 1 <2 < <Y <y << yp < yolr),

Thus the sequences {z,} is monotone nondecreasing and bounded
above by yo(r) and the sequences {y,} is monotone nonincreasing
and bounded below by xy(r). Therefore the pointwise limit exist
and these limits are denoted by x,, y.. Since sequences {z,}, {y,}

are of continuous functions defined on the compact set [a,b]. Hence
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by Dini’s theorem, the convergence is uniform. That is

lim x,(r) = z.(r) and  lim y,(r) = y.(r),

n—oo n—oo

uniformly on r € J and the limit functions z,, y, satisfy BVP (4.1.1).

Using corresponding fractional Volterra integral equations

Lut(r) = @ B (—m((r) = 0(@))") + b By (~m(u(r) — (a))")
+ [ W) - o Bl -m((r) - v(5)")
[f(s,zn(8) +mzxy(s)]ds, r € J,
Yo () = @* Byp(—m(W(r) = 9(@))") + b Bpu(—m(w(r) — v(a))")
+ [ W) - o Bl -m(() - ()"

[/ (5, yn(s) + myn(s)lds, r€J,

it follows that z,, y, are solutions of (4.3.9) and (4.3.10) respectively.
Next prove that z, and y, are minimal and maximal solutions of BVP

(4.1.1) in the sector [zg, yo|. Let w € [z, yo] be any solution of BVP
(4.1.1). Assume that for some n € N, x,(r) < w(r) < y,(r), r € J.

Set p(r) = w(r) — x,41(r). We have

“Dylp(r) = Dy w(r) = Dl (r)
= f(ryw(r)) = f(r,aa(r) + m(@ea (r) = 2.(r)

> —m(w(r) — x,(r)) + m(z,1(r) — x,(1))
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= —m(w(r) = zp41(r))
= _mp(r)a

and p(a) =0, p(b) = 0.

Then by Lemma 4.8, we obtain p(r) > 0, r € J implies that

Tpi1(r) < w(r), r € J. Set p(r) = yp+1(r) — w(r). We have

“Dip(r) = Dy ynia(r) — Dy (r)
= J(r,yn(r)) = m(Ynir(r) — yn(r)) — f(r,w(r))
= —m(yn(r) —w(r)) — m(yns1(r) — ya(r))
= —m(Yn41(r) —w(r))
= —mp(r),

andp(a) =0, p(b) = 0.

By Lemma 4.8, we obtain p(r) > 0, r € J. Thus w(r) < y,41(r),

r € J. Hence, we have
Topi1(r) <w(r) < yp(r),r € J. (4.3.11)

Taking the limit as n — oo on both sides of equation (4.3.11), we

get
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Therefore x,, y, are the minimal and maximal solutions of nonlinear

BVP (4.1.1) in [z, yo). O

In the following Theorem, we establish uniqueness of solution of non-

linear BVP (4.1.1).

Theorem 4.12. Assume that [Hi|, [H3] are satisfied.

[H3] There ezists a constant m, > —m such that

f(?”, y) - f(?“, ZU) < m*(y T .’I)),

for every xg < x <y <y, r € J. Then nonlinear BVP (}.1.1) has

a unique solution in [T, Yol

Proof. By Theorem 4.11, x, and y, are respectively minimal and
maximal solutions of the nonlinear BVP (4.1.1) and z, < y,, r € J.
It is sufficient to prove that x, > y., r € J. For this set p(r) = x,—yx,

r € J. In view of [Hj], we have

“Dip(r) = ‘Dilw. — "Dy,
= f(rye) = f(r,y:)

> (2 — y.) = map(r).

Furthermore, p(a) = z.(a) — y«(a) = a* —a* = 0 and

p(b) = z.(b) — y.(b) = b* —b* = 0.
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By Lemma 4.8, we obtain p(r) > 0, r € J implies that z, > ..

Thus ., = y. is unique solution of the nonlinear BVP (4.1.1) in

[560, yo]- []

4.4 Conclusion

1. We start with lower solution zy(r) and upper solution yy(r) as
initial iterations of the nonlinear problem (4.1.1), the two mono-

tone convergent sequences {x,(r)} and {y,(r)} are constructed.

2. Monotone technique coupled with lower and upper solutions of
the nonlinear BVP (4.1.1) involving 1-Caputo fractional deriva-

tive is developed.

3. Monotone technique is applied successfully to obtain existence
and uniqueness of solutions of the problem (4.1.1) with bound-

ary conditions.
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5.1 Introduction

This chapter deals with the study of existence and uniqueness

of solution of the following nonlinear system with initial conditions:

(D*Mu)(t) = fi(t, w1, ug, Dluy, D%uy), t € (0,T) (5.1.1)

7% (1) )i = ud, YD) () =0 = uy, =1, 2. (5.1.2)

where 0 < T' < oo, uY,u} are constants and f; € C([0, T| x R%), is
quasimonotone nondecreasing, D? is the standard Riemann- Liou-
ville fractional derivative of order 0 < ¢ < 1. We organize the chap-
ter as follows. In section 5.2, preliminary definitions and some basic
results are considered. Some important lemmas and comparison re-
sults are also given. In section 5.3, we develop monotone technique
for system of IVP with Riemann-Liouville fractional derivative. Ex-

istence and uniqueness of solutions of the nonlinear system of IVP

are obtained.

5.2 Preliminaries

In this section, we deduce some preliminary results that will be
used in the next section to attain existence and uniqueness results for

the nonlinear system of initial value problem (5.1.1)- (5.1.2). Assume
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that J = [0, 7] C R is a compact interval and
fi(t, ul(t), UQ(t), unl(t), DqUQ(t>) € C(J X R4, ]R),
is quasimonotone nondecreasing. Let

C([0, T]) = {us|u;(t) is continuous on [0, T, [jusllc = H[loaoT(] i ()]},
telo,

Cr—q([0, T]) = {ui € C([0, T1) : t"""ui(t) € C([0, T1),
uille,-, = 1t "ui(t)llc },

CL_ ([0, T)) = {u; € C1_,(]0, T]) : t'" D%y (t) € C([0, T))}.

1—q

Definition 5.1. A function f;(¢, ui(t), ua(t), D%uy(t), Dlus(t)) €
C(JxRY R),i=1,2, J =10, T] is said to be quasimonotone non-
decreasing (nonincreasing) if for each 4, w; < wv; and u; = v;, @ # j,

then

fz(ta ul(t); UQ(t)a unla un2) S fz(ta vl(t)a UZ(t)7 qulv DqUZ)

(fi(t, ui(t), ua(t), D, Diug) > fi(t, vi(t), va(t), D1, D3)).

Definition 5.2. A function v} = (v}, v9) € C{_ ([0, T]) is called a

lower solution of IVP(5.1.1)- (5.1.2) if it satisfies

(D)) () < filt, vi(t), va(t), DIy (t), Divy(t)),t € (0, T

) (1) =0 < V), tIDWY (t)]—o < 07

i
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Definition 5.3. A function wi = (v}, w9) € C{_ ([0, T]) is called a

upper solution of IVP(5.1.1)-(5.1.2), if it satisfies

(D) (t) > fi(t, wi(t), wa(t), Dwi(t), DMwy(t)), t € (0, T)

9w (1) |0 > wl, LD (1) |i—0 > wy.

Definition 5.4. The sector denoted by €2 is defined as

0= [v?, w?} = {uz € C’f_q([O, T)) v <y <t €0, TY;
907 (1) im0 < i (8) 10 < E W] ()10,

tIDNY ()] mo < EIDW(8)] im0 < ETIDWWY () |1=0 }-

Definition 5.5. Let f; : J x R* — R be a real valued continuous
function. We say that f;(t, ui(t), ua(t), D%ui(t), Dlus(t)) satisfies one
sided Lipschitz condition, if there exist constants M;, N; € R,

N? > 4M;, such that, for v¥ < v; < w; < w?,

fi(t; w1, ..., qug) — fz(t, Vg vy qug) Z —Ni(DqU}i — qui)_

Further to ensure the uniqueness of solution of IVP (5.1.1) — (5.1.2),

there exist M;, N; € R, N? > 4M;, such that, for v) < v; < w; < w?,

fi(tawh .- '7qu2) T fi(tvvla .- '7qu2) < NZ(quZ - qui)+
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From conditions (5.2.1) and (5.2.2), we conclude that the function
fi satisfies Lipschitz condition if there exists constants N;, M; > 0,

N? > 4M; such that

‘fl(t, w1, ... ,qug) — fl(t, V1y v vy DqU2)| S Nz‘quz — Dq?)i|—|—

Now, we consider the following result for the linear fractional initial

value problem to obtain existence and uniqueness results of solution

of the IVP (5.1.1) — (5.1.2).

Lemma 5.6. [71] Suppose that u(t) € C1_4([0, T), then the linear

inatial value problem
DUu(t) + Mu(t) = o(t), ' %u(t)|—o = uo, t € (0, T],

where M € R and o(t) € C1_,([0, T]), has the following integral rep-
resentation of solution u(t) = I'(q)uoe(—Mt) + [e,(—Mx) x o (z)](1),

where (g * f)(t) = /0 g(t —x) f(x)dx, and

oo

q
_ q—lE qy — ~q9—1 E ' k <

k
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tk
L((k+1)q)’

WK

where B, , = is Mittag-Leffler function of two pa-

>
I

0
rameter.

Lemma 5.7. [71] Suppose that u(t) € C{_ ([0, T) then the linear

wmatial value problem

(D*u)(t) + N(D%W)(t) + Mu(t) = o(t), t€ (0, T]
tl_qu(t)|t:0 = Uy, (524)

tliquu(t) |t:O = Uq,

where M, N € R are constants, N> > 4M and o(t) € C1_,([0, T)),

has the following representation of solution

u(t) = D(q)uoey(hat) + T(q) (w1 — Apuo)[eg(ha) * (M) (¢)

+ [eg(Aaz) * eg( A1) x o (x)](t), (5.2.5)

where N\ = =NIVIEAM 2 — “NoVIVECAM < (),

Lemma 5.8. [71] The following result holds:

leq(Aam) * eg(M)](8) = leg(Mz) * eg(Aa)](F)

1
= m[eq()\ﬂ?) - 6q()\2x)](t)'

Lemma 5.9 ( Comparison result). [71] If u(t) € Ci1_4([0, T]) and

satisfies the relation D%u(t) + Mu(t) > 0,77 %u(t)|;—g > 0, t €
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(0, T, where, M € R is constant. Then u(t) >0, t € (0, T7].

Lemma 5.10 ( Comparison result). [71] If u(t) € C{_ ([0, T) and
satisfies (D*Mu)(t) + N(D%u)(t) + Mu(t) = o(t) >0, t € (0, T},
7t |i=0 = ug > 0, t*9D%W(t)|;=o = ug > 0, where, N, M € R,

N2 > 4M are constants such that

“NAVNPAM =N - VNP

A
! 9 9

Then u(t) >0, t € (0, T).

5.3 Monotone Method

In this section, we prove the existence and uniqueness theorem of

solution for IVP (5.1.1) — (5.1.2).
Theorem 5.11. Assume that
(i) v} = (v}, 1) and wy = (w,wy) in C{_ ([0, T]) are ordered lower
and upper solutions of IVP (5.1.1) — (5.1.2) respectively.

(ii) fi = fi(t, uy, us, Duy, Duy) € C(J x RYLR),J = [0, T] satis-

fies one-sided Lipschitz condition, i =1,2.

(111) fi = fi(t, uy, us, Dy, Dlusy) are quasi-monotone non-decreasing
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then there exist monotone sequences {vl'(t)} and {wl(t)} such that

{vI'} = vi(t), {w!'} — wi(t) as n — oo, where v;(t) and w;(t) are

minimal and mazimal solutions on the ordered interval [0, w?] of

IVP (5.1.1) — (5.1.2) and satisfy the monotone property

IA
SGH
IA
IA
<
=3
IA
=
IA
g
IA
S
=3
IA
IA
NgH
IA
g

Proof. For any n;(t) = (n1,m2) € Q. Consider the linear initial value

problem

(D*u)(t) = filt, m, n2, D'y, D) + Ni(DUpi — Duy) + Mi(n; — ws)

= a(ni),

7% (1) =0 = ), YD) () |1=0 = uj, i = 1, 2. (5.3.1)

It is clear that, by Lemma 5.7 and (5.2.3), linear initial value problem
(5.3.1) has exactly one solution u; € C{_,([0, T']) and whose integral

representation is as in (5.2.5). Now define

wi(t) = Al 4l
— (q)ule,(Not) + T(q)(u} — Nyu?)[eg (Vi) e, (Na) (1) +

[eg(Noz) * eg(A2) x o (i) (2))(t)
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: —Ni+y/NZ—4M; : —N;—/NZ—4M;
where , \] = >0 > )\ = 5 . For each

o 2

ni(t) = (n,m2) and p;(t) = (p1, pe2) in € such that
07 (0) < milt) < pa(t) < w(0).

Define an operator A from [v7, w}] into Cf_ ([0, T7) and #; is solution
of the IVP (5.1.1)-(5.1.2) if and only if n; = A[n;, p] and p; is solution
of the IVP (5.1.1)-(5.1.2) if and only if pu; = A[n, p;]. First we prove

that,

(b) A possesses the monotone property on the segment Q = [0), w?].

To prove (a), set Alv), w?] = v}(t) = (vi,v)), where v}(t) is the

unique solution of system (5.3.1) and set p;(t) = vP(t) — v}(t) with

n; = vP(t). Observe that

Dpi(t) = D*{(t) — D*v (1
< filt, 0,09, DY, DY) — filt, o} 08, DY, D7)
— N;(D%? — DU}y — My(0? — v},
= —N;(DW! — D}) — M;(v) — v})
= —N;(Dpi)(t) — M;(pi)(t)

Thus Dqui(t) S —Nz(quZ)(t) — Mz(pz)(t),
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and

i () imo = 'Y () 1m0 — 0] (t) =0 < O,

EI(Di) (1) |0 = (D) (t) =0 — (D" (t)]1=0 < 0.

By Lemma 5.10, we have

pi(t) <0 =)(t) — v} (t) <0

= 0} (t) < vi(t) = Ay, wj]

7

To prove that w) > Alw), 0], set, Afw!, v?] = w} = (wi,wi) is
the unique solution of system (5.3.1). Set p;(t) = w? — w} with
n; = w)(t).

D?p;(t) = D*w)(t) — D*w}(t)
> fi(t, w?, w), DWW, D) — N;y(Dw) — Diw,)
= filt, wy, wy, DY, DMwy) — My(w] — w;)
= —Ny(D"w) — Dw}) — M;(w) — w})

Thus D*p;(t) > —N;(Dp;) — Mi(p;)

() im0 = W) ()] im0 — £ Tw; ()]0 > 0,

i

E(Dpi) () |0 = £ (Dw;) (1) =0 — (D" )i ()0 > 0.
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Then by Lemma 5.10,

pi(t) = 0= w;(t) —wi(t) > 0= w;(t) > w;(t) = Afw;, v;].

Now to prove (b), if v) < n; < p; < w?, then prove Aln;, u] < An, ;]

where Aln;, pu] = u; = (u},u?) and An, u;] = v; = (v},v?). Consider

17 7

pi(t) = u;(t) — v;(t) then observe that,

(D*p;)(t) = (D*'u;)(t) — (D*';)(t)

= fi(t,m, m2, D1, D) — filt, i, pa, Dy, Do)+
N;(Dm; — D%;) + M;(n; — u;)—
N;(Dp; — Dhv;) — My (i — v;)

< Ni(Dpi — D) + Mi(pi — ni) + Ni(Dn; — D)+

M;i(n; — wi) — Ni(Dp; — D;) — M;(pi — vy)
= N;(D%; — D%;) + M;(v; — w;)
Thus  (Dp;)(t) < —=Ni(Dpi)(t) — Mi(pi)(t)
i (1) ]1=0 = 7 () ]1=0 — ' 03 (t) im0 = u — v} <0,

' Dp;) (t) |10 = t" (D) ()] =0 — " U(D%;) ()] =0 = u; — v; < 0.

By Lemma 5.10, p;(t) < 0 = wu;(t) < vi(t). Hence, Aln;,u] <
Aln, p;]. Thus the operator A possesses the monotone property on

Q = [v), w)]. Define the sequences {v?(¢)} and {w?(t)} by
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ol = Al w1 and w? = Afw? !, v?7!]. Then, we obtain,

) <ol <o <<y <w <wl <L < wP <.
Let P, = {v! : n € N}, @Q; = {w! : n € N}. We show that the set P;,
Qi are relatively compact in C{_ ([0, T1]). For any n;(t) € Q and by

definition of lower and upper solution and Lipschitz condition, we

have

(D*1) (1) + Ni(DW))(t) + M) (t) < fi(t, o), 0, DWW, D)+
N;(D%})(t) + M;(vy)(t)
< fit; m, m2, Dy, D) + Ni(Dn;)(¢) + Mi(mi) (¢)
< filt,wi, wh, DY, Dhwy) + Ni(DMwy})(t) + M;(w;)(t)

< (D*?)(t) + Niy(DWw?) () + Ma?d(t).

Let P;, Qin C_ ([0, T]) be bounded sets. Furthermore

oi(ni(t)) = fi(t, m, n2, D, DUng) + Ni(D;)(t) + Mi(mi)(t) = mi € Q2

is also bounded set. Hence, there exist a constant L; > 0 such that

(2 — 1=q 4 (,1 < T.
lox(of) (1)]] = max |~ oi(o}) (9)] < Ly

& o () (1) < Lttt € (0, T1. (5.3.2)
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On the other hand {v]' : n € N} satisfy

vi' = T(q)uoeq(Agt) + T(q)(uy — Nyup)eg(Ayw) * eq(N2)] (1)

+ [eg(Aa) * eg(Ajz) + (v H)](1). (5.3.3)

Let G(A], t) =t e (Nit) * o (0} 1)|(t)], t € (0, T]. Without loss of

generality, assume that 0 < t; <ty <T'. Since )\é <0< )\il, we have

LiT'(q)

[G(Xy, t1) = G(Xy, )] < WIEq,q(Aét‘f) — B q(Apt3) |+
1

2L;I'(q)
I'(2q)

(ta— 1), (5.3.4)

LT L;T9
(9) N

[GAL, 1) = G(AL, to)] < N Eqq(Mit]) — Eyq(Ai13)]

AL q
2L;I'(q) ;
—F L — )4, 3.
+ F(Qq) q,Q()‘l )(tQ tl) (5 3 5)

From E,,(t) € C([0, T]) and Ve > 0 3 § = d(€), when |t — 1| <,

we have

i i €
| Eqq(Ait]) — Egq(MNt3)] < 6Ll (5.3.6)

| Eqq(Mst]) — Eqq(Aat)] < (5.3.7)

€
6L?’
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€
R
(tg tl) < 6L?, (538)
where
L(q)|(u; — Moud)Ai| L; AL T4
L}:max{ : A —[I%(q) + ——] %,
AL = A5 (AT — A[|AT] q
I L \Cu) N
1 = maa{ r(gjaf], NN =]
AL — A3
L; AG| T
L g+ }},
|)‘1 - )‘2|‘)‘1| q

t O T(2g)[A] — A

1+ Egq(NT)].
Using (5.3.4) to (5.3.8), we obtain

[t (1) =ty "o (02)] = ‘r(cnu? 11 ey(Notr) — 15", (Nita) |
()0} = ) 1177, 040) e, (Njtr) -
téiqeq()‘éh) * eq()‘it2)]
+ {ti_qeq()\étl) * eq()\itl) * U(vln_l)(tl)
7,04t + (it 5 o)1) \
_ \mq)u?wq,q(xat%) BNt

[(q)(u} — Noud ; p
D = (5, 0481 — B i)+

(Byg(Nit?) - Eq,qwtg))]

1

b ) <ot ) ie)-
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ty Yeq(Nota) * o (v 1) (t2)]

)

+ [ty ey (Ait2) * o (0 1) (t2) — 1y e (Aith) * U(U?_l)(tl)]}

<T(q) ‘u?! ‘Eq,q()‘ét(f) - Eq,q()‘étg”

() — Ayu|

‘)\i _ >\i| |(Ean(/\ét({) - Eq,q()‘étg)”"{_
1 2

K&AW@—%AW%]

1 1— ; -1
LTV i Ity Yeq(Aot1) * o (v ) (t1)—
AL — gt T
ty Teg(Noto) * o (v] 1) (t))]

1

|t %, (it =y () —
g ) = )

ty eq(Ait2) * o (v ) (t2)]].

< F(q)|u?\ [|Eq7q()\étcf) - Eq,q()‘étg)u
'(q)lu; — Ny

h@@&@—@mwww

X =)
IWMﬁﬂ—EMM@q
LiF(Q) i i
i B0 = B0+

2L;I'(q)
T'(2q)|A] — Ay

- - - E )\th - F Ath
o | 12,0881 - 03]

2L;I(q)
T'(2q)|\] — Ay

(ta — tl)q]

Eqq(NTY) (2 — t1)7,
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< T(q) ]| [|Egq(Mot]) — Eqq(Nstd)]] +
T(q)|u; — Ayuy)|

[!(Eq,qu;t@ B, () +

AL — A
B,y (Nt0) — Eq,quit%)@
LiF(Q) [ )‘ZiTq
— = | I'(¢) + (I'(q) + )
|)‘1 - )‘2‘ ‘)‘1| q

[\Eq,quat%) B (V)| + B, (Vi) — Eq,qwt%)\]

2L;T'(q)
T'(2q)[ X — A5

[1 + Eq,q()‘ZiTq)} (ta — 1),

Thus P, is equi-continuous. Then by Ascoli- Arzela theorem, we con-
clude that P; is relatively compact set of C{ ([0, T]). Similarly we
can show that Q; is relatively compact set of Cf_ ([0, T). Therefore
the sequences {v!'(¢)},{w!'(t)} converges uniformly to v;(t), w;(t) re-
spectively on [0, T]. Then we have point-wise limits

lim v(t) = vi(t), lim wl(t) = w;(t),

lim DW!(t) = D%;(t), lim DWw?(t) = D%w;(t) t € (0, T1.
n—0o0 n—o0

Thus by relations (v) < vl <wv? < ...), it follows that v;(¢) and w;(t)

satisfy the following monotone property
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Now, we prove that v;(t), w;(t) are respectively minimal and maximal
solutions of initial value problem (5.1.1) — (5.1.2). Since f;(i =1, 2)
is continuous then clearly the function o(n;(t)) is continuous and
monotone nondecreasing in v;(t) implies that {o(v}'(t))} converges
to o(v;)(t), t € (0, T]. Taking limit as n — oo of {v}"(t)} and using

dominated convergence theorem, v;(t) satisfies the integral equation

ui(t) = T(q)ule, (Nit) + T(g) (ul — Npu?) [y (M) * e ()] (£)+

[eq(Nyw * eg(N2)ar (v) ()] (1).

Thus v;(t) is an integral representation of the solution of IVP (5.1.1)—
(5.1.2). By the assumption of the function f;(i = 1,2) and Lemma
5.7, it follows that v;(¢) is a classical solution of IVP (5.1.1) —(5.1.2).
This proves that the lower sequence {v}'(t)} converges to a solution
v;(t) of IVP (5.1.1) — (5.1.2). Similarly, we can prove that the upper
sequence {w!'(t)} converges to a solution w;(t) of IVP (5.1.1)—(5.1.2)
and satisfies the relation v;(t) < w;(t),i = 1,2,t € (0, T). It follows
that v) <o} < ... <o <o <w <wl <. < w! < W, holds
as well as v;(t) and w;(t) are minimal and maximal solution of IVP

(5.1.1) — (5.1.2) in the sector . O

Now we prove uniqueness of solution of the IVP (5.1.1) — (5.1.2) in

the following:
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Theorem 5.12. Assume that

(i) v{ and w) in C{_, are ordered lower and upper solutions of IVP

(5.1.1) — (5.1.2),

(ii) fi(t, u1, ug, Diuy, Diuy) € C(JxRY R) is quasimonotone non-

decreasing,

(111) fi(t, uy, ug, Dy, D%uy) satisfies both sided Lipschitz condition.
Then the IVP (5.1.1) — (5.1.2) has unique solution in the sector €.

Proof. Observe that

_Ni(uni — un;k) — Mz(ul — u;‘) S fl<t, Uy, Uy, unl, un2)_
fi(t, ui, us, Dy, D%u3)

< N;j(D%; — D) + M;(u; — ;)

]

for v) < uf < w; < w which follows from (5.2.3). Then the Theorem
5.11 implies that the initial value problem (5.1.1)—(5.1.2) has unique

solution in sector [v?, w?]. O

5.4 Conclusion

1. Starting with lower and upper solutions v"(¢) and w(¢) as initial

iterations of the problem (5.1.1) — (5.1.2) when the function on
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the right is quasi monotone nondecreasing, the two monotone

convergent sequences {v"(¢)} and {w"(t)} are constructed.

2. Monotone iterative technique with lower and upper solutions is
developed for the nonlinear system (5.1.1) — (5.1.2) involving

Riemann -Liouville fractional derivative.

3. Monotone iterative technique is applied successfully to prove the
existence and uniqueness of solutions of the problem (5.1.1) —

(5.1.2) with initial conditions.
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6.1 Introduction

In 2020, Derbazi et al. [20] developed monotone iterative technique
to study the existence and uniqueness of solution for initial value
problem [IVP]of nonlinear fractional differential equations including
-Caputo derivative. In chapter 4, we studied qualitative properties
of solutions of nonlinear boundary value problem involving y-Caputo

fractional derivative.

Motivated by their works, we consider in this chapter, the following
system of nonlinear ¥-Caputo fractional differential equations with

initial conditions

“Dytwi(r) = Fi(r,w (), we(r), 1€ 7 = [p.ql, (6.1.1)

wl(p) - C??

where CD}‘; ¥ s 1—Caputo fractional derivative of order u,0 < p < 1,
F; € C(_# xR*R), cf € R,i = 1,2. We develop monotone technique

and prove the existence and uniqueness of solution of system (6.1.1).

The rest of the chapter is organized as follows: In section 6.2, basic
definitions and useful lemmas are given. In section 6.3, lower-upper
solutions of IVP for ¢-Caputo fractional differential equation are in-

troduced. Monotone technique is developed and successfully applied

Dr. B. A. M. University, Aurangabad (M.S) Madhuri N.Gadsing



Chapter 6: Nonlinear System of IVP ... -Caputo Fractional Derivative 108

to obtain existence and uniqueness of solution of nonlinear system

(6.1.1).

6.2 Preliminaries

In this section, we deduce some preliminary results required
in the next section to attain existence and uniqueness results for
nonlinear system (6.1.1) involving -Caputo fractional derivative.
Let 7 = [p,q], where 0 < p < ¢ < 00, be a finite interval and 1) :
7 — R is an increasing differentiable function such that ¢’(r) # 0,

forallT € #.

Definition 6.1. A pair of functions 3 = (39, y9) and 2" = (2}, 29) in

C(_Z,R) with (y9,149) < (29, 28) are called ordered lower and upper

solutions of system (6.1.1) if

DEPY(r) < Fi(rogd(r), 09(r), wi(p) < ¢,

and “D!V20(r) > Fi(r,2)(r), 2(r)), 2(p) > ¢].

Define the sector:

Q=(y), 2" ={w € C(Z.R): ¢’ < (w,wy) <z, 7€ _F}.
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Definition 6.2. A function Fj(r,w;(r),ws(r)) € C(Z x R*R),
1,7 = 1,2 is said to be quasi-monotone non-decreasing if for each 1,

w; < z;and w; = xj, 1 # j, then Fi(r, wi(r), wa(r)) < Fi(r, z1(r), x2(r)).

Definition 6.3. Let F; : ¢# X R? — R be a real valued continuous
function. We say that F;(r, wy(r), wy(r)) satisfies one sided Lipschitz

condition, if there exist m; € R such that
Fi(r, wi(r), wa(r)) — Fi(r, 21(r), 22(r)) = —mi(wi(r) — 2:(r))
(6.2.1)

W <a <w <20 i=12

Now consider the following lemmas, which play very important role

in further development.

Lemma 6.4. [20] The initial value problem for 1-Caputo fractional

differential equation

“Di¥w(r) + Pw(r) = F(r), re ¢,

w(p) = c’,

has unique solution

w(r) = B (=P(r) —¢(p)")+

/ W) 0) = SN By (P(() = () () ds,
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and E,,(.) is the two-parameter Mittag-Leffler function.
Lemma 6.5. (Comparison Result). [20] Let i € (0,1] and P € R.

If we C(_7,R) satisfies the following inequalities

Cngrww(r) > —Puw(r), re ¢,

w(p) > 0,

then w(r) >0 for allr € 7.

6.3 Main Results

In this section, we develop monotone iterative technique for the non-
linear system (6.1.1) and we prove the existence of solution for non-

linear system (6.1.1).
Theorem 6.6. Assume that,
(4) ¥° = (19,49) and 2° = (2,29) in C(_#,R) are ordered lower
and upper solutions of system (6.1.1) respectively,

(41) Fi(r, wi, we) € C(_Z x R% R),i = 1,2, satisfies one-sided Lip-

schitz condition (6.2.1),

(731) Fi(r, wi, we),1 = 1,2 is quasi-monotone non-decreasing,
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then there exist monotone sequences {y'} = {y},y5} and {2I'} =

{z], 28} such that,

Wit = wilr) = (1), 02(r), {2} = 2i(r) = (21(r), 22(r)), asn = 00

where y;(r) and z;(r)are minimal and mazimal solution of nonlinear

system (6.1.1) and satisfy the monotone property

<
[en)
A
s
IN
QI\D
IN

Sy < <i=1,2

Proof. For any n(r) = (n1,m2) € Q such that ) <, y) <mon Z,
where yY <n; < 20

We consider the system of linear fractional initial value problem

CD]’jﬁZ’wil(r) = Fi(r, m, n2) — mi(w; — n;),

w; (p) = ;. (6.3.1)

Then by Lemma 6.4, linear problem (6.3.1) have unique solution
w'(r) = (wi(r),wy(r)) on #. For each n(r) and u(r) in C(_7,R)
satisfying y7'(r) < n;(r) and y)(r) < pu(r),

define an operator A by A[n, u] = w!(r). Now, we prove the follow-

ing:

[D1] y° < A[y", 2%] and 2 > A[2°, "],
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[Dy] A possesses the monotone property on the sector €.

To prove [Dy], set A[y°, 2°] = y'(r), where y(r) = (yi,yd) is unique
solutions of linear fractional initial value problem (6.3.1) with n;(r) =

y(r). Setting q¢;(r) = 42(r) — yl(r) , we see that

“DiYqi(r) = Dy} — Dyl

< Fi(r, ot w9) — Fi(r, o1, w9) +ma(y; — v)),
= —min‘(T),

CD]/;Liqu‘(T’) < —myqi(r),

and  qi(p) =/ (p) =y (p) < ¢f — ] =0.

By Lemma 6.5 ¢;(r) <0=4(r) <y (r),

which implies y¥ < A[y°, 2°]. Note that y; is unique solution of IVP
(6.3.1) respectively.
Set A[2°4°] = 21(r), where 2z'(r) = (2},2)) is unique solution of

system of linear fractional IVP (6.3.1) with p;(r) = 2)(r). Setting

]

qi(r) = 29(r) — 2} (r) , then we see that

c gjrw%(r) _ CDZinzQ _c ;ﬁwz@la
> Fy(r, 20, 23) — Fi(r, 27, 29) + my(z — 2))

= —m;q;(r)
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By Lemma 6.5 ¢;(r) > 0= 2J(r) > 2z (r),

which implies 2 > A[2° 4°]. Note that z} is unique solution of IVP

(6.3.1) respectively. This proves [Dy].

To prove [Dy], let (r) = (m1,m2), B(r) = (B, B2) and p(r) = (pa, p2)
in Q with n(r) < g(r).

Suppose that, Aln,u] = y;(r) and A[B,u] = z}(r). Set g(r) =

yl(r) — z}(r), we observe that

CDgJ’eri(T) = ]’,ﬁwy} — CD]’,fiwzil :
= Fy(r, m, m2) — Fi(r, p, p2) +mi(n; — ;) —
mi(p; — Zil)v
< m(pi — i) +mi(n; — ?Jz'l) —my(p; — Zz'l)a
= _mz(yzl - Zzl)
= —m;q;(r),
and g;(p) = yi(c) =2 (p) = ¢ — ¢ = 0.

By Lemma 6.5, ¢;(r) <0 = y;(r) < 2z (r).

Hence Aln,u| < A[S,p]. Similarly, we can prove that Aln,v] <
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Aln, p]. Thus the operator A possesses monotone property on ).
Now in view of [ D] and [Ds], define the sequences y!'(r) = Aly!' ", 2!

2M(r) = A[z{"l, yf’l] on 2 by
DRy (r) = Fi(r, gty ) —m (= yi ) wl(p) = ¢,

DA () = B A7 A7) —mi (5 -2 2 ) =
From [D1], we have y?(r) < yi(r), 22(r) > 2} (r).

Now assume that y* ' (r) < y¥(r), 2F1(r) > 25(r) and we claim that

yF(r) < yF(r), 2F(r) > 2F(r) and ¥ (r) < 2F(r). To prove this,

2
set ¢;(r) = y¥(r) —y, " (r), and observe that

“DyYqi(r) = "Dyl — Dhylt,

?

=Fi(royr Y us ) —m (v =y ) -

Fi(r, yy, vs) +mi (i — o)),

<mi (g =y ") —mi () =y ) +
mi (y ™ =y

k+1

= —mi(y(r) —y; (r))

—m;g; (T)7

By Lemma 6.5, ¢(r) < 0= yF(r) <yF(r).
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Similarly, set g;(r) = 2*1(r) — z (r), we observe that

CDZ_Z_qu (’I“) = CDZ_Z_wa+1 — ¢ 5_’,_1#211{;,
= Fi(ﬁ Zf) 25) —m, (ZZZC—H _ sz> o

E(r, 277 257 +my (sz - Zf_l) ;

< (47 ) o (£ ) 4
(24 = 2471),

= —mi(% " = )

= —miq;(r),

and q;(p) = 2 (p) — () = ¢f —¢; = 0.

By Lemma 6.5, qi(r) < 0= z*'(r) <z (r).

1

Similarly prove that, y*(r) < zF(r). Thus from mathematical induc-

tion principle, we obtain

Thus the sequences {y!(r)} is monotone nondecreasing and bounded
above and {z'(r)} is monotone nonincreasing and bounded below.
Hence pointwise limit exists and are given by

lim g (r) = yi(r) and  lim 2(r) = z(r),
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uniformly on r € _#.

Using corresponding fractional Volterra integral equations

g (r) = & By (—m(u(r) — b (p))")
/ F () — ()P B (—m((r) — ()"

+ [ )~ P B (-mlu(r) = 0(5))

(8, yn(s)) + miyn(s)] ds,

it follows that y(r) and z(r) are the solutions of system (6.3.1).

Finally we claim that y(r) and z(r) are the minimal and maximal so-
lutions of system (6.3.1). Let z(r) be any solution of (6.1.1) different
from y(r) and z(r), so that there exists k such that y. < z;(r) < 2,
on _#. To prove yF™ < a;(r) < 28 set qi(r) = zi(r) — yi T (r), we

observe that

cD/Mb z( ) o CD]’finUz' CD/L+¢:UZ]€+1,

= Fi(r, 1, 32) — Fy(r, y¥, y5) —mi (v — o)),

> —m; (v — yf)
= _miQi(T)a

and qi(p) =y (p) — wilp) = ¢ — ¢ = 0.
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By Lemma 6.5, ¢;(r) > 0= yF™(r) < a;(r).

7

Since y?(r) < x;(r) on _#, then by induction principle, it follows
that y¥(r) < x;(r) for all k. Similarly, prove that x;(r) < 2F(r) on
F for all k. Thus y}'(r) < x;i(r) < z'(r) on #. Taking limit as

— 7

n — 00, it follows that y;(r) < z;(r) < zi(r). O

The uniqueness of solution of the system (6.1.1) is proved in the

following theorem

Theorem 6.7. Assume that,

(1) y° = (0, 99) and 2° = (20, 29) in C(_Z,R) are ordered lower

and upper solutions of IVP (6.1.1) respectively,

(43) function Fy(r, wy, we) € C(_F x R? R),i = 1,2, satisfies Lips-

chitz condition, if there exist m; € R such that

|[Ei(r, wi(r), wa(r)) = Ei(r, 21(r), 2a(r)] < —m [wi(r) — zi(r)]

(6.3.2)

W<z <w; <20 i=1,2.

(1i1) Fi(r, wy, we),1 = 1,2 is quasi-monotone non-decreasing,

Then the nonlinear system (6.1.1) has unique solution in the order

mterval.
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Proof. Since y;(r) < z;(r). We need to prove y;(r) > z;(r). Setting

Qi(r) = 22(7") — yi(r), and

‘ giw%(r) = CDginz' - CDZiwyia

= Fi(r, z1, 22) — Fi(r, y1, yo),
< —m; (2i — ¥i)
= —m;q;(7),

and  ¢;(p) = zi(p) —vi(p) = ¢; —¢; =0.

By Lemma 6.5, ¢;(r) < 0= y;(r) > 2(r).

Hence y;(r) = z;(r) is the unique solution of system (6.1.1) in the

order interval. O

6.4 Conclusion

1. Starting with lower and upper solutions 4°(r) and 2°(r) as initial
iterations of the problem (6.1.1), the two convergent sequences

{y"(r)} and {2"(r)} are constructed.

2. Monotone technique coupled with lower and upper solutions is
developed for the problem (6.1.1) involving ¥-Caputo fractional

derivative.
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3. Developed monotone technique is successfully applied to prove
the existence of minimal and maximal solutions of the problem

(6.1.1) with initial conditions.

4. Uniqueness of solution of the problem (6.1.1) is also proved using

developed technique.
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7.1 Introduction

In this chapter, we consider the existence results for follow-
ing nonlinear system of boundary value problem involving )-Caputo
fractional derivative and we establish a comparison result. As an
application monotone iterative technique coupled with method of
lower-upper solutions, we prove existence and uniqueness of solution

of the boundary value problem.

CDgﬁbw(T) - F(T7 w(r), Z(T))a
Di’z(r) = G(r,2(r),w(r)), re #=[pq, (TL1)

w(p) = ¢, 2(p) = ¢, w(q) = di, z(q) = d3,

where CD}’;‘ ¥ is the 1w—Caputo fractional derivative of order u,

O<pu<l, FGeCO(fZ xRxRR), c,d €R,i=1,2and

1771

c; < ¢, dy < ds.

7.2 Preliminaries

In this section, we consider some preliminary results required
in the next section to obtain existence and uniqueness results for
nonlinear boundary value problems (7.1.1) involving ¥-Caputo frac-

tional derivative. Let # = [p, q], where 0 < p < ¢ < 00, be a finite

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 7: Coupled Nonlinear ... -Caputo Derivative 122

interval and ¢ : _# — R is an increasing differentiable function such

that ¢/(r) #0(for all r € 7.

Lemma 7.1 (A particular Case of Lemma 4.6). The linear boundary

value problem for 1-Caputo fractional differential equation

“DiYw(r) + Puw(r)=F(r), re 7,
(7.2.1)

has unique solution

0() = € Byt (=P(6() = 6(0)) + 0B (P = v(p))
b [ WE0) — SO Bl -PW() ~ ) F () ds,

(7.2.2)

[F'(p) — Pw(p)|[(q) — ¢(p)]*
I'(p+1)

1 e / p—1 S) — rFwl(s S
_m/pws)w(q)—w(s)] [F(s) — Pu(s)] ds,

where 0 = d* +

and E,,(.) is the two-parameter Mittag-Leffler function [30].

Lemma 7.2. The linear boundary value problem for 1 -Caputo frac-

tional differential equation
CDg;ww(T) = Fi(r) — Pw(r) — Qz(r), r € £,
‘DiVz(r) = Fy(r) — Pa(r) — Qu(r),r € 7,  (7.2:3)

w(p) - CT? Z(p) - Cza w(q) - d*{a Z(q) - d§>

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 7: Coupled Nonlinear ... -Caputo Derivative 123

has unique system of solutions in C(_# ,R).

Proof. The proof follows from the fact that the pair (w, z) is a solu-
tion of problem (7.2.3) if and only if z(r) = w(r) + z(r),
y(r) =w(r) — z(r) for all r € ¢, where x,y are the solutions of the

problem:

“Dh¥a(r) = Diw(r) + “Dhz(r),
= (F1 + F3)(r) = (P + @) [w(r) + 2(r)],
= (Fi+ F)(r) — (P+Q)[z(r)], (7.2.4)
2(p) = w(p) + 2(p) = &1 + &3,
2(q) = w(q) + 2(q) = dy + d;
“DEYy(r) = "D w(r) — DYz (r)
= (F1 — Fy)(r) = (P = Q) [w(r) — 2(r)],

= (F1 = Fy)(r) = (P = Q) [y(r)], (7.2.5)

Then by Lemma 7.1, both problems (7.2.4), (7.2.5) have unique so-

lutions,

2(r) = (1 + &) B (= (P + Q) (4 (r) = v (p)")
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+ 61 E,1(—(P 4+ Q)(¥(r) —v(p)")
/ (s
(P Q)(6(r) — b)) (Fr + Fa)(s) ds,

where 6y = dj + d5+

[(F1 + F)(p) — (P + Q)w(p)][¥(q) — ¥(p)]*
(p+1)

) W/ vie
(P + B)(s) — (P + Q)u(s)] ds,
and y(r) = (¢ — &) Byt (—(P — Q)((r) — 6:(p)")
4 8B (—(P = Q)(r) — (p)")
v [ oo -
Ep(~(P = Q)0(r) — b(p))") (Fi — F)(s) ds,

where 0y = (d] — d3)+

[(F = F)(p) — (P = Qu»)][¥(q) — 1 (p)]*
I(p+1)

“fa ), Y

[(F1 = F2)(s) = (P = Qw(s)] ds

respectively in C'(_#,R). In consequence, w(r) and z(r) are unique.

]
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Lemma 7.3. (Comparison Result) [Chapter 4, Lemma 4.8] Let p €

(0,1] and P € R. Ifw € C(_#,R) satisfies the following inequalities

Cngrww(r) > —Puw(r), re ¢,

w(p) >0, w(q) >0, (7.2.6)

then w(r) >0 for allr € 7.

Lemma 7.4. (Comparison Result) Let pn € (0,1] and P € R and

Q > 0 be given. Ifw,z € C(_#,R) satisfies the following inequalities

cDgfpw(r) >— Pw(r)+Qz(r), re 7,
CD£;¢Z(T) > — Pz(r)+Qu(r), re 7, (7.2.7)

w(p) 2 0,2(p) 20 wlqg) = 0,2(q) =0,
then w(r) >0, z(r) > 0 forallr € Z.
Proof. Put x(r) = w(r) + z(r) r € #. Then by (7.2.7), we have

DY (r) = DM w(r) + DAYz (r),

> —Puw(r) + Qz(r) — Pz(r) + Qu(r),
= —(P = Q)(w(r) + z(r))
= —(P—Q)x(r),

z(p) = w(p) + z(p) > 0,
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z(q) = w(q) + z(q) = 0.

Then by Lemma 7.3, z(r) > 0 = w(r) + z(r) > 0. Next to show

that, w(r) >0, z(r) > 0 for all r € _¢. By (7.2.7), we have

‘DiYw(r) > —Puw(r) + Qz(r),
> —Pw(r) — Quw(r) = —(P + Q)w(r),

w(p) 20, w(q) >0,

Then by Lemma 7.3, it is easy to show that w(r) > 0, z(r) > 0 for

allr e 7. []

7.3 Existence and Uniqueness Results

In this section, we develop monotone iterative technique and apply
it to prove the existence of minimal and maximal solutions of the
nonlinear BVP (7.1.1) involving ¥-Caputo fractional derivative. We

list the following assumptions for convenience.:
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(B1) There exist wy(r), 20(r) € C(_#,R) and wy(r) < 2(r), such

that

20(p) >¢35, 20(q) > ds.

(Bs2) There exist P € R, @ > 0 such that

F(T,"LU(T’),Z(T)) o F(Tv w*(r),z*(r)) > _P(w - w*) - Q(Z - Z*);

G(r, 2(r), w(r)) — G(r,z"(r),w*(r)) 2 =P(z = 2") = Q(w — w"),

where wy(r) < w*(r) < w(r) < zo(r), we(r) < 25(r) < z(r) < zo(r)

and

G(r, 2(r),w(r)) — F(r,w(r), z(r)) = P(w(r) — 2(r)) + Q(z(r) — w(r)),

with wy(r) < w(r) < z(r) < zo(r).

Theorem 7.5. Suppose that the assumptions (By) and (By) hold,
then there exist monotone iterative sequences {wy}, {z,} € [wo, 2]
such that w, — wy, 2, — 2z, as (n — 00) uniformly onr € ¢, where

(wWy, 24) € [wo, 20] X [wo, 20] are minimal and maximal solutions of the
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nonlinear problem (7.1.1) and satisfy the monotone property

wy<w <...<w, <..<w,<z<...<2,<...<x5 < 2.

(7.3.1)

Proof. For any wy,_1(r), z,—1(r) € C(_#,R), n > 1, we consider the

linear system

"Dy (r) = F(rw, (1), z01(r)) = Plwg(r) = w,(r))
= Q(zn(r) = zna(r)),
DEY 2 (r) = G(r, 2p1 (1), w1 (1)) = P2n(r) = 20-1(r))  (7:3:2)
= Q(wn(r) — wpa(r)),
wa(p) =¢1, wa(q) = di,  2u(p) = 3, 2u(q) = da.
Then by Lemma 7.2, we know that system (7.3.2) has unique system
of solutions in C'(_#,R). Next we show that {w,}, {z,} satisfy the

property
Wi—1(r) < wn(r) < z,(r) < zpa(r),n=1,2,....

First need to show that w(r) < wi(r) < 2z1(r) < zo(r).

Let ¢(r) = wi(r) — wo(r), o(r) = 2zo(r) — z1(r). Then from (7.3.2)

and (B;) we have

DIV (r) = D wi (r) — “DhPwy(r)
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> F(r,wo(r), 20(r)) — P(wi(r) — wo(r))—

Q(z1(r) = 20(r)) — F(r,wo(r), 20(r))

Then by Lemma 7.4, we have ¢(r) > 0, o(r) > 0 implies that wy(r) >

wo(r), 20(r) > z1(r), r € 7.
Let p(r) = z1(r) — wy(r). Then from (7.3.2) and (Bs) we have

“DAplr) = DY () — DY)
= G(r, 20(r), wo(r)) — P(21(r) — 20(r)) — Qw1 — wo)—

— F(r,wo(r), zo(r)) + P(wi(r) —wo(r)) + Q(z1 — 20),

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 7: Coupled Nonlinear ... -Caputo Derivative 130

> P(wo(r) — 20(r)) + Q(20(r) — wo(r)) — P(z1 — 20)

= Qwi(r) —wo(r)) + Plwi(r) — wo(r)) + Q(z1 — 20),

Then by Lemma 7.3, we have p(r) > 0 implies that z1(r) > wq(r),
r € Z. Hence we have wy(r) < wi(r) < z1(r) < z(r), r € Z.

Now,assume that w;_1(r) < w;(r) < z(r) < z;_1(r) for some i > 1.
We claim that w;(r) < wit1(r) < zip1(r) < zi(r) for some r € #.
Set ¢(r) = wip1(r) —w;i(r), o(r) = 2zi(r) — zi1(r),

p(r) = zix1(r) — w1 (r). By (7.3.2) and (Bs) we have

DI (1) = DV (1) — D (),
> F(r,wi(r), 5(r)) — Plwi (r) = w,(r) — Qziet — 2)
— F(r,wi(r), 5(r)),
= —P(wia(r) — wi(r) — Qaia(r) — (r))
= —Po(r) + Qo(r).
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‘DiYo(r) = DhVz — *DhY 2
> G(r, 20(r), wo(r)) = G(r, 2i(r), wir)) + P(zip — 2)
+ Q(wita(r) — wi(r))
= P(2i41(r) — zi(r)) + Qwin (r) — wi(r))
= —Po(r) + Q¢(r),
and o(p) = z(p) — 2i+1(p) = 3 — 5 =0,
o(q) = zi(q) — zis1(q) = d3 — d3 = 0.
“DiYp(r) = DIz (r) — D wiga (r)
= G(r, zi(r), wi(r)) = P(ziqa(r) — zi(r)) — Q(wiy — w;)
— F(r,wi(r), zi(r)) + P(wis — wi) + Q(zit1 — 2)
> P(wi(r) — 2zi(r)) + Q(zi(r) — wi(r)) = P(zis1 — 2)
— Qwis(r) —wi(r)) + P(wips — wi) + Q(zip1 — 2)
= —P(zi1(r) = win(r)) + Q2141 (r) — wisa (r)),
= —(P = Q)(zix1(r) — wiza(r))
= —(P—=Q)p(r),

and  p(p) = zis1(p) — wita(p) = 3 — ¢ 20,

p(q) = zi41(q) — wis1(q) = dy — dj > 0.

Then by Lemma 7.3 and Lemma 7.4, we have

Dr. B. A. M. University, Aurangabad (M.S.) Madhuri N.Gadsing



Chapter 7: Coupled Nonlinear ... -Caputo Derivative 132

This implies that w;(r) < wi11(r) < zip1(r) < 2(r) for some r € _Z.

Hence from the principle of mathematical induction, we have

wo(r) <wi(r) < .. o< wy(r) << zp(r) <<z (r) < zo(r).

Thus the sequences {w,(r)} and {z,(r)} are uniformly bounded and
convergent. Hence pointwise limit exists and are given by

T{z_}rgo wy(r) = wy(r) and #_@0 2n(1) = 24(1),

uniformly on r € J and the limit functions w, z, satisfy BVP (7.1.1).

Moreover, wy, z. € [wo, 29]. Taking the limits in (7.3.2), we know
that (wy, z) is a system of solutions of (7.1.1) in [wy, zo] X [wy, 2]
Moreover, (7.3.1) is true.

Finally, we prove that (7.1.1) has minimal and maximal solutions.
Let (w, z) € [wo, 20] X [wo, 20] is any system of solutions of (7.1.1).
Assume that for some n € N, w, < w, z < 2, for some r € _¢.

Set ¢(r) = w(r) — wp1(r), o(r) = 2p41(r) — z(r). Then by (7.3.2)

and (Bs) we have

"D (r) = Dl w(r) — *Dhw i (1)
= F(r,w(r),z(r)) — F(r,wn, 2,) + P(wn41(r) — wp(r))

+ Q(zn1a(r) = 2a(1))
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= —Po(r) + Qo(r)
and - o(p) = z,11(p) — 2(p) = — &, =0,
0(q) = zni1(q) — 2(q) = dy — dy = 0.
By Lemma 7.4, wy41(r) < w(r),2(r) < zp41(r) for some r € _#.
Now taking the limits as n — oo, we have w, < w, 2z < z,. Hence

(ws, z¢) is an minimal and maximal solutions of system (7.1.1) in

[wo, 20] X [wy, z0]. This completes the proof. O
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Example 7.1. Consider the following coupled system of boundary

values problem:

CDéf’rw(r) =—w'(r)+1+2(r), reJ=10,1],

CDéf’Tz(fr) = —23(7“) +14+w(r), redJ=1]0,1],

Herep=4,n=[]+1=1c=0,d=1,¢,=¢ =0, df =

Y(r) =r. Obviously F(r,w,z) = —w?(r) + 1+ z(r),

G(r,z,w) = —=2%(r) + 1+ w(r).
[1]

Now taking wo(r) = 0 and z(r) = r. Also wy, = 0 and z

<

/(,r

~

. 17 .
DY aalr) = gy [ = s ds
0

20) — 1 then, CDéf’ng(r) =0<1+7r=F(r,w,2), and

(7.3.3)

o

Also wy(r) < zo(r). Hence condition (By) of Theorem 7.5 holds.

On the other hand, it is easy to show that for M = 3 and N =

0, condition (Bz2) holds. Thus, all conditions of Theorem 7.5 are

satisfied. Hence, the nonlinear system (7.3.3) has the minimal and

maximal solution (wy, zx) € [wo, 20] X [wo, 20|, which can be obtained
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by taking limits from the iterative sequences, forn > 1,

1

+ /Or(r — s)_%Eé’%(—Bri)(—wg_l(s) + 1+ 2,-1(8) + 3wp—_1(8)) ds,

3 1 ! s
where 6y = 1 / [1—s]2[—w} |+ 1+ 2,1 — 3w, 1] ds,
0

+ wp_1(8) + 3z,-1(5)) ds,

3 1 ! 1
where 0y = 17T/ /0 [1—s]72[—2 | +1+w, | — 32, 1]ds.

7.4 Conclusion

1. Starting with lower and upper solutions wy(r) and zy(r) as initial
iterations of the problem (7.1.1), the two monotone convergent

sequences {w,(r)} and {z,(r)} are constructed.

2. Monotone technique coupled with lower and upper solutions is
developed for the coupled system (7.1.1) involving -Caputo

fractional derivative.

3. Monotone technique is applied successfully to prove the exis-

tence of minimal and maximal solutions of the problem (7.1.1).

4. The obtained results are validated with suitable example.
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