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Solutions for nonlinear Caputo fractional differential equations

Madhuri N. Gadsing
Department of Mathematics,Jawahar Arts, Science and Commerce College, Anadur,
Tq.Tuljapur, Dist.Osmanabad, (M.S) India

Abstract

In this paper. nonlinear Caputo fractional differential equations is studied. The ex-
istence and uniqueness of a solution are investigated by using Krasnoselskii and Banach
fixed point theorems and the method of lower-upper solutions.

Keywords: Existence and uniqueness solution, lower-upper solutions, fractional differen-
tial cquations, fixed points.

Subject Classification Code: 34A08, 26A33, 47H10.

1 Introduction

Theory of fractional differential equations occur frequently in different reseavch areas and
engineering, such as Physics, Chemistry, Biology, medicine, aerodynamics, fields of control,
electromagnetic etc.{see in [[4, 10, 9]] and references therein). In recent years, the theory
of fractional differential equations has been given a great interest, especially to finding
sufficient conditions for existence and uniqueness of the solutions of nonlinear fractional
differential equations ([1, 2. 5, 6. 7, 8]].

In [[11]] 8. Zhang investigated the existence and uniqueness of positive solutions for
the nonlinear fractional differential equations by using the method of the upper and lower
solution. In {[3]], Boulares et al. investigated existence and uniqueness of positive solutions
for nonlincar fractional differential equations by using the method of the upper and lower
solution and Banach fixed point theorem.

In this paper, using the method of upper and lower solutions and the Kransnoselskii
and Banach fixed point theorems, we study the existence and unigueness of solutions of the
nonlinear fractional differential equation

“DFy(r) = F(r,2(r)) +° DF108(r,2(r)), O0<r<1, (1.1)
. N Vg b e oSy - ;
z(0) = G, 2(0) = = #(0,(1) > 0,

where 1 < o <2 and F, 5 : [0,1] % [0,00) — [0,00) are continuons functions and % is
non-decreasing on z.

In the process we convert the given fractional differential equation into an equivalent
integral equation. Then we construct appropriate mapping and employ Krasnoselskii fixed
point theorem and the method of upper and lower solutions to show the existence of a
solution of this equation. We also use the Banach fixed point theorem to show the existence
of a unique positive solution.
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2  Preliminaries

Let B = C{{0,1]) be the Banach space of all real-valued continnous functions defined on
the compact interval [0, 1], endowed with the maxinmum norm, Let I be a nonempty closed
subset of B defined as K = {z € B : lzll <L 1>0}.

We give some definitions and their properties for our wain resnlts.

Definition 2.1 The fractional integral of order > 0 of a function » - B R is given by
1 ¥ '
Ir(r) = r—sl ) de.
) I Jo ¢ (
provided the vight. side is pointwise defined on B,

Definition 2.2 The Caputo fractional derivative of order >0 of o function u: v o B
is given by

& £ l i, Y- s
D'za(r) = W[}(r—s} HmLa g ds,

where n = ] + 1, provided the right side is pointwise defined on R

Lemma 2.1 ([ 100) Let Re(pe) > 0. suppose 2 e g, XD and ¥ ists almost
everywhere on any bounded inlerval of R*. Then
. = O
I‘*{"Dﬁz}{r} =z{r)— —er"( jr".
=0 )
In particulor, when 1 < BRe(p) < 2, I(°Df2)(r) = 2(r) — 2(0) - 2'(0)r.
Lemma 2.2 Lot 2 YD, 1]}, 22 and ":—;’i exist, then 2(r) is o solulion of (1i.1;) if and
only if
¥
: 1
2(r) = Gt + (Co — H(0.C))r + / (g 2(s)) ds+ =
Jo NS
Proof: Let 2 be o solution of {I4). First we write r'r;:zrrt“iouz—@? as
THEDE 2y = T (Fir, 2001 -!-CDr‘—i:%"(?":(r'])) ., B<rel
Using lewma [T, we have
2(r} = 2{0) = 2" (O)r = I© DL a(r)) + IRF (e (1)),
= Il pred e, )]+ IEF (r, 2(r)),
= I{H(r,w(r)) - (0, w(0))) + 1" F(r,w(r)).
- A H (s, 0(s)) ds — 20, )

/ (r—s)=1F (s, ts))ds {2.1)
0

1—1,—{1‘;)-\4 (r—.-;‘)"“i.‘f’f'{s,u:(s)}(ls.

then we obtain cqrtat.ion-). Conversely. suppose thal w(r}) satisfies equation - 21
Then applying “DF o boih sides of eqnation -, we obfain “DHy(y) = F {r.z(r)) =
"’D"‘*I,J'V/‘{f"z(r"));.ﬁ <7 =1 and boundery conditions 20} = ¢, 2 () = G2 0.0 >0
holds.

n
Soienoa &
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Lastly, we state the fixed point theorems which enable us

Definition 2.3 Let {B.[.I} be a Bonach space and ¢ : B — B. The operator ¢ is a
contraction. operator if there is an v € (0,1) such that u,v € B implying lpu — ovf, <
7=

Theorem 2.3 [I%. Let K be a nonempty closed conver subset of a Banack space ¥ and
@1 K = K be a contraction operator, Then there is a unique 2 € K with pz = 2.

Theorem 2.4 (Krasnoselskii fived point theorem J({128), Let K be a nonempty closed conves
subset of a Banach space B and let P and €} two operators defined on K with values in B
sueh that Pu + Qu € K. for every puir w,v € K., the operator P is completely conbinuous
and the operator @ is a contraction. Then there exist & @ W osuch that & = Pr + Q.

3 Existence and uniqueness of solutions

In this section, first we need to construct two mappings such as, one ix contraction and
other is completely continuous. First we define the operator ¢ : K — K such as

($2)(r) = G + (@ = H O+ [ A (s s

JU
x_é"___ " T, i o . "
S ) o e 3.1)

where the operator &7 : Il — B defined as.

PR NE T T P ——
(22)0) = 7 [ty st s

and the operator & I -+ X defined as,
o
(22)0) = G+ (G = X 0L+ [ (s 9)ds.

Throughout this paper, we assume that the following condition holds
(Cl) 7, 7 e O, 1] x [0,%), [0, %)} and .# is non-decreasing on 2.
(02} For w,v € B and r £ [0, 1], there exist a € {0,1} and 8 > 0 such that
W u) - o) S aju—v.
L (r,u)— Flr,e)] < Slu—vl.

Lemma 3.1 Assume that iC1] holds. Then the operator 7 : K — B is completely contin-
upus,

ETTN o SW Ty g i N P—
Jawahar Arts, Saiones
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Proof: By [C'1}, 7 is continuous and nonnegative function, we get that 2 v _ B is
contimious. The function .7 - [0,1] x [0, 2¢) — [0, 0¢} is bounded then 3 X > 0 sneh that
[ (r2(r)}] < A We obtain

4 5 2 ‘: _ E 1 " u E; ;‘._1 Py i d 3 i
(Pz)(r)| = ?IT{HF}- ! (r~s) L%(.s,,-,(s)}r!x},

<5 | €= 150 (a0} s,
LS

—u

o Tu+1) i"(u + 1)_'

1A

Thus [(#2)(r)]} < l‘—(,ﬁ-l} Hence (Pu:)(r) is uniformly hownded,
Now we will prove equicontinuity of 7. Let + ¢ J¢ and for any ry.ry € [0.17 with ry « )
then we have

(F2)r) = ()ra) = o | [ 1=y oy s - A (2= P LB s, o)) ]

) 1o I
. "
= f:{i—) / “’f‘l L {ro — syl LF (s 2(8))| ds
H oty )
1 2 e
M) / |62~ )| (s, 2 ()] s,
] s Jry
Pl /?“1 {ri— s — (g = s ds + / 2(?‘9 ~s)*~ ds
- F(,li) 40 : : F oy " !

_ A {{T_r = ,f,-)u} m _ {(m_#)ﬁr {(u “;"L}”_] -
T I ST e W =i
A

ST OF bz —r) el — gy — )y,
2)
< ._"\_(,,2 — )8

TT(u+1)
Thus |(2)(r) - ( Pz)(ra)] ~ 0 as ry o r1. Therefore ;2 is equicontinuons on K. Then by

Arzela-Ascoli theorem, 4 - | —+ B is completely continnous,

Lemma 3.2 Assume that 1] and jC 2} holds, Then the operofor G K — K i rontrae-
tion.

Proof: By [C'1] and boundary conditions of problem-T.T), 1he operator ¢ : K — K i
continuoys, For u, v € K. we have

H{2u){r) - (Ze}(r)| = El/l H(5,u(s)) els — /W4:7f>(.‘;‘_. (s)) d.q;
0 40
= /T‘ [ (s, uls)) — s, v(s)) da < pr e — v
J1)

Thus
1200 ~ (20)()] < ar = o}

Hence @ is contraction,
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Let o,d € B with ¢ < d and for any 2 € {e,d} C RT, we define the upper and lower
control functions respectively as follows
Mir, 2} = sup Flr7),

CENSE

mir, zp = inf Flry)

z€n<d
Tt is obvious that m{r, ) and A{r, <) are monotonic non-decreasing on e, and mir, 2} 2

flr,z) < M(r.z).

Definition 3.1 Let 2%, 2, € K, e <2, < 2" <d sut‘{sﬁfmq

S =0+ 'Cg—../’f((l(x]}’l'-i—/ s 2 (8)) ds s /W{J sPL Fa M (s)) ds.
0

2(r) < (1 + {Ga — (0, Cﬂ}“‘/ H (5. 5" (8)y ds + T )/ (r = a1 F (s, 2%(5)) ds.

{3.2)
Then the function z* and z, are called a pair of upper and lower solutions for the cquation

).

Theorem 3.3 Assume ihat [C1] holds. Let o and 2* are respectively lower and upper
solutions of §L1‘§}, then the problem cwists at least one solution z(r) € B satisfying
2(r) < 2(r) < 2*(r), r € [0,1].

Proof: Let, U = {z &€ K : 2,(r) € 2(r) £ 2*(r),r € [0, 1]} . As U C K and U is a noncipty
bounded, closed and convex subset of K. 1‘ hen by lemma - Bl & : U — K is completely
coutznuoub Also by lemma - B2 £ : U — K is contraction. Now, we show that if
u(r),v(r) € U then (Pu)(r} + (Zv)(r} € U. For any u(r),v(r) € U, we have 2.(r} =
u{r). v{r) £ 2*{r), then

(Pu)lr) + (2o)(r) = QL+ (G~ A0 [ (s, 0(s)) ds

W0

= T{p) Jo ‘
<G+ ((2 = e%f’}{(lgl}r +/ !Jy/‘(_q! C'*(.‘."')) s “‘3'3)
0
1 r
b s PR o 8- L ;
CT(0 [, (r = s} F (5,27 (s)) ds.
< zMr).

(Pu) () + (20} = G + (G — #(0.)) ] Holala)) ds
0

. r— sl @ 1l 8
{.”X A f WL F (s, u(s)) ds,
> €1+ (Co ~ (0, 1)) + /ﬂ h(s, 54(5)) ds 84

. "
+ f%;ﬁ ,A (r— sy F (s, 2,(8)) ds,

2 zdr).

36
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Thus from and @.4d), z,(r) < (Puj{r) + {(Pe)(r) = & {r}) implying that, (Pui(r) +
(Zv)(r) e U C K. Henceall condition of the Krasnoselskii fixed point theorem are satisfied,
Then there exists a fixed point wiry € K, 0 < r < 1. Therefore the problem (L1} exists at
least one solution z(r} e K and a(r) < 2(r) < #(r), re b, 1.

Corollary 3.4 Assume that, [C'1] and (€2 holds and there cxists 0), 6, 05, 8y > O surh
that

o < H(r,z) < b3, (r2)e [0,1] x [0, ), (3.5)
and
s = F(mz) < 04, (r.2) € (0.1} x {0, x). (3.6
Then the problem-QLT) has at least one sotution - € L. Morcover,
i
s "—=""'- i f ;) <‘_-:a.
Q+{(¢ ﬁ’f"(ﬂ,u}vﬁi}f-%r(ﬂ+ 5y = A0
r"‘
<&+ (G — 2200, ¢ adr + 0y — 3.7
Sa+H{G-20,0) +6)r + TED (3.7}

Proof: By the definition of upper aud lower control function and given assumption {3.0]),
we have
O < mir, 2] < ;

1A
==
L=y
e
o S
1A
~
P
Lo
o]
e

Now, let

" v
=G5 (G = 0.01) + 8)r + 0y f (r = syi=1 g,
T(u} Jy
Taking into account , we have

P = & o9 — A : ='.i3_ ‘.rr_g"‘“‘l 3
2 (1) =+ (¢a 0, G) + 6 ) TT(#'}‘A( 8) T ds,

< G+ (o — 00, ¢} 4 /O/f*( 24(r)) ds +

/r(‘r — )" (s, z:(s)) ds.

I{p) Jy
It is clear that ,(r) is the lower solution of (1)

rH

Tlp+1)
= QG =0,y + 0y [ dot 9, Lo / (r— syt s,
J0 Tlpe) Jo
Taking into acconmt {3.5). we have
" o A i
Tl =0+ (- #0.¢)r+ 8 ?'*;—wm/ U ) L
(") =G+ (& - #0.0)r+ 8, gy =9 ;

Z0+ (6~ HE0, 40+ / H(r, 2 {r)) ds + ! / {r— .-,'}“”"[ﬁ-’f{s, z"(s)) ds.
Jo L Sy

Py =G+ (G- HO.0) +0)r+ 0

It is clear that w*{r} is the npper solution of equation- (LI} Therefore, an application of
theorem w vields that the problem - .]}i has at least one solution 1 € B and satisfies
equation (3.7

o

§ 3. x Fn b
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Theorem 3.5 Assume that [C'1] and [C2] holds and

Fﬁ

e & ] 3.9
R )

then the problem (LI} has a wnique solution z € K.

Proof: From theorem{3.J follows that the problem - (L1} has at least one solution in B.
Hence for uniqueness of solution, we need only to prove that the operator o @ K — K
defined in equation- is a contraction on B. For all £, & € B, we have

(£~ ()] S 1A E0)) = H ()

w L s s E4ls)) — F s ()] e,
I(JL} 0
S T S
£ oty =G 8 ;ﬁl.-fﬁ‘;m./u (r )1 s,
rf
" 3 o,
=a[f — &} 4+ 8161 - AP

A8
(o mrm) e

Thus,

Il = wtel < (o gy ) s —6ob-

Henee by equation -{-1 the operator ¢ is & contraction mapping. Then by contraction
mapping principle, we conclude that the 1)1oblem {1.1) has a unique solution 2(r) € B.
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